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Introduction

These are my notes from a weekly graduate student seminar series organised
at Harvard in Spring 2013 on the general goal of attaching Galois representations
to automorphic representations. The seminar is taking place in a spirit of trying
to get a feel for the big picture involved, and some of the important techniques
in the area. However, the present author and most of the people involved in the
seminar are not experts, so it is very likely that these notes may contain errors,
either mathematical or at least in the emphasis of certain points. I would therefore
be extremely grateful for any corrections or comments of any kind from readers.

I should mention that we have deliberately decided to choose topics that min-
imise or completely avoid having to think about compactifications of Shimura
varieties (most of the varieties we use should come from anisotropic groups, which
naturally give rise to compact Shimura varieties). We aim to avoid the fascinating
and crucial questions about what happens at bad primes. We also aim to as much
as possible avoid topics requiring a detailed discussion of endoscopy. We also will
assume some familiarity with modular forms and l-adic cohomology, and will freely
invoke other black boxes (hopefully with clear statements of results) if discussing
them in detail would be too time consuming.

One of the unifying themes in number theory since the early 20th century has
been the study of L-functions attached to arithmetic objects, for which in all but
the simplest cases it seems impossible to directly establish good analytic properties
(specifically, analytic continuation and the existence of a functional equation).
On the other hand, people discovered mysterious analytic representation-theoretic
objects (perhaps most significantly, modular forms on the upper half plane) to
which one could similarly attach an L-function, which could be shown to have these
analytic properties, but whose more arithmetic properties remained a mystery.
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One early example of this is the following conjecture, due to Ramanujan, which
we shall prove (the main ingredient of) in the first seminar. It concerns the coef-
ficients τ(n) defined by the formal power series identity∑

n≥1

τ(n)qn = q
∏
i

(1− qi)24.

This was identified as the q-expansion of the unique normalised Hecke eigenform
∆(z) of weight 12 and full level, and the theory of modular forms implies that the
numbers τ(n) are determined by the set of values τ(p) at primes, according to the
following precise identity of Dirichlet generating functions:∑

n

τ(n)n−s =
∏
p

(1− τ(p)p−s + p11p−2s)−1.

In fact, this expression is precisely the L-function L(s,∆) attached to this mod-
ular form (for which an analytic continuation and functional equation can be es-
tablished without too much difficulty). However, Ramanujan also conjectured a
bound on the values of τ , which proved to be much harder.

Conjecture 1 (Ramanujan’s Conjecture). For any prime p,

|τ(p)| ≤ 2p11/2.

How might one prove such a conjecture? Recall the classical Hasse inequality
that the number of mod p points on an elliptic curve differ from p+ 1 by at most
2p1/2. This is equivalent to a very special case of the Weil Conjecture, which give
very specific information about the L-functions attached to arithmetic geometric
objects. If we could show that the L-function attached to our modular form was
actually the same as an L-function coming from arithmetic, one might hope to
deduce the Ramanujan conjecture from the Weil conjecture.

In fact, if ∆ were of weight 2 rather than weight 12, it turns out Ramanujan’s
conjecture would actually reduce to Hasse’s inequality. Eichler and Shimura no-
ticed that if X = X1(N) is the modular curve of level N ≥ 5, which has the
property that the space of cusp forms of level Γ1(N) is identified with H0(X,Ω1),
by Hodge theory one has:

H0(X,Ω1)⊕H0(X,Ω1) ∼= H1(X,C).

Now by the comparison isomorphisms between Betti and l-adic cohomology, and
fixing C ∼= Q̄l one can in turn identify this with the l-adic cohomology group
H1(X,Ql). Each newform then naturally cuts out a 2-dimensional subspace, on

which (by rationality properties of the space of modular forms) there is a stable
action of the absolute Galois group of the field of definition of your form. Fur-
thermore, by using base change theorems for l-adic cohomology and interpreting
the Hecke correspondences via the moduli interpretation on the reduction of their
modular curve at a prime not dividing l or the level (the ”good primes”), they were
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able to show that the characteristic polynomial of the Frobenius at p (the motivic
local L-factor) was equal to the required automorphic L-factor (1−app−s + p1−2s).
Deligne’s paper generalised this basic approach and in particular he was able to
deduce the Ramanujan conjecture (conditional on the Weil conjectures which he
was to go on and prove five years later).

The author would like to indulge in reflecting that this story really is remark-
able: we passed from a purely analytic object, admittedly one with an extremely
beautiful action of an arithmetic group, and obtained a piece of data associated
to an algebraic variety over a number field. In fact, in the weight 2 case, this
piece of data actually can be identified with an abelian variety over the field of
definition of the modular form, with forms having a rational q-expansion giving
rise to elliptic curves (and to give the now cliched emphasis of how important this
story is, it’s the maybe even more remarkable and famous theorem of Wiles-Taylor
and Breuil-Conrad-Diamond-Taylor that any elliptic curve is isogenous to such a
so-called ’modular curve’, which in particular implies Fermat’s Last Theorem).

The first 2-3 weeks of this seminar will be dedicated to establishing Deligne’s
result and placing it within a more general context (by identifying newforms with
their corresponding irreducible automorphic representations). We will then at-
tempt to generalise it to the nearest obvious case, namely the problem of con-
structing Galois representations attached to Hilbert modular forms (and at least
some classes of automorphic forms on quaternion algebras). Here we shall hit a
snag, in that the general approach we used above (construct the Shimura variety
associated to the group on which your automorphic forms occur, and try to pick
out a piece of its cohomology) does not quite give us the correct representation.
To remedy this, we have to find a clever way to turn our attention to different
Shimura varieties which do carry the information we require.

Once this work is done, my hope is we can start tackling cases of GLn for n > 2.
Clozel points out that general automorphic forms of this type don’t naturally
live on symmetric spaces which parameterise Hodge structures (which Shimura
varieties all are), but that if we impose certain conditions, we have a hope of finding
them in the cohomology of Shimura varieties attached to unitary groups. The ideal
outcome of the seminar would be to get to a position where we can construct the
representations in these cases and check the L-factors at the good primes. The
technical machinery involved to achieve this is now somewhat formidable. In
particular, I am told there is no obvious way to generalise the Eichler-Shimura
method of comparing the L-factors, and a totally different strategy is needed.
However, we do these things not because they are easy, but because they are hard,
and the idea of constructing these rich very precisely defined families of nonabelian
extensions of the rational numbers in terms automorphic forms is, in the author’s
opinion, too seductive a subject to ignore.
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1. Attaching Galois Representations to Modular Forms

In this section we give a summary of the arguments in Deligne’s 1968/9 Bourbaki
paper on the Ramanujan conjecture, which allow us to attach Galois representa-
tions to all classical Hecke eigenforms of weight at least 2.

Theorem 1.1. Let f be a newform of level Γ1(N), nebentypus χ and weight k ≥ 2.
Then there exists a 2-dimensional Galois representation σ(f) : GQ → GL2(Q̄l)
occurring in the (k − 1)st degree cohomology of an algebraic variety over Q. Fur-
thermore σ(f) is unramified at all p 6 |lN , and its L-factor at p agrees with the
L-factor at p of f .

The very rough basic idea is as follows.

• Observe that modular forms and the Hecke operators can be defined alge-
braically (over SpecZ!) as sections of a line bundle ωk over the modular
curve.
• Use some real analytic theory to obtain a map identifying spaces of sections

of this line bundle with the cohomology of an algebraically defined local
system Vk over the modular curve (and the comparison theorem between
Betti and de Rham cohomology).
• Exploit the algebraic definition to relate this in turn to an l-adic represen-

tation, which in particular has an action of GQ.
• Use the Hecke operators and comparison isomorphism constructed to cut

out a representation attached to each form. Here I think we need a mul-
tiplicity one result to ensure the representation we get has the correct
dimension.
• Use that the modular curve has good reduction at p 6 |lN to canonically

compare our representation to one associated to the reduction of the mod-
ular curve mod p. In particular note that the representation is unramified
at p.
• Interpreting the Hecke operators algebraically on the mod p curve, write

down the Eichler-Shimura relation, which relates the Hecke operators at
p to the Frobenius, and gives the necessary compatibility of L-factors at
good primes.

1.1. The General Setup. Traditionally one defines modular forms as certain
functions on the upper half plane transforming under the action of a discrete
subgroup of PGL2(R) in an amusing way (with an automorphy factor). One
can remark that the upper half plane h maps surjectively onto its quotient by
the congruence subgroup Γ1(N), that for N sufficiently large one gets a Riemann
surface Y1(N) = Γ1(N)\h, and interpret the automorphy factor as a piece of
descent data allowing us to descend the trivial (and unique) line bundle on h to a
line bundle ωk on Y1(N). We then see that modular forms are precisely sections
of this bundle.



AUTOMORPHIC FORMS AND GALOIS REPRESENTATIONS 5

This picture is made particularly alluring by the observation that in fact (by
viewing h as the quotient C∗\Hom+(Z2,C), and remembering that elliptic curves
over the complex numbers are the same as equivalence classes of lattices in C), we
may also identify Y1(N) with the complex points of the functor

Y1(N) : S 7→ {elliptic curves E → S with a marked N -torsion section}.

It is well known that this moduli space is representable as by a scheme over
Spec(Z[1/N ]). In fact, it is also known to admit a compactification X1(N) (I
guess this is constructed and given its most useful moduli interpretation in Katz-
Mazur?). By general nonsense about representable functors, we have, correspond-
ing to the identity morphism on X1(N), a universal generalised elliptic curve
E1(N) → X1(N). Since we will hopefully soon end up working with compact
Shimura varieties, I will not consider the technical issues arising over the cusps.
For brevity for the rest of this chapter we just write Y,X,E and suppress the level
structure unless necessary.

Miraculously for the theory of modular forms, it is possible to show that taking
ω = f∗Ω

1
E/X = e∗Ω1

E/X (where e : X → E is the identity section: note that these
two sheaves are equal because any function obviously determines a unique germ
and conversely using the group law on the elliptic curve one can spread out a germ
to a unique function), weakly modular functions of weight k are identified with
sections of ωk over Y . Modular forms have to extend to sections over X. One
also notices by just looking at automorphy factors that Ω1

X and ω2 agree over Y .
However, it turns out that sections of Ω1

X vanish at all the cusps, and one can
identify sections of Ω1

X ⊗ ωk−2 over X precisely with cusp forms. In particular,
notice that modular forms can be defined as sections of bundles admitting a good
definition over Q, so however analytic they seem, they are at least well grounded
in arithmetic, and this will be extremely expedient for our purposes.

We can also get a good algebraic definition of the Hecke operators. Firstly, the
diamond operators are defined in terms of our moduli interpretation has honest
functions on the modular curve taking < d >: (E, x) 7→ (E, dx). The Tp operators
for p 6 |N are given as a correspondence X1(N, p) defined by (compactifying) the
functor

Y1(N, p) : S 7→ {p-isogenies φ : (E1, x1)→ (E2, x2)}.

Again, it is a theorem that this is representable as a scheme over SpecZ[1/N ]
and has two obvious finite etale projections π1, π2 down onto X, giving the Hecke
correspondence Tp that acts on cohomology by push-pull (and will also act in a
very pleasant way on cohomology with coefficients in the local system we need to
study). Since all these definitions are completely algebraic, it is immediate that the
Hecke operators acting on cohomology groups will respect canonical comparison
isomorphisms and commute with the action of the Galois group.
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1.2. The Shimura Isomorphism. If k = 2, our cusp form lives insideH0(X,Ω1
X).

Hodge theory (of the most elementary kind) gives us a canonical isomorphism

H0(X,Ω1
X)⊕H0(X,Ω1

X) ∼= H1(X,C) ∼= H1(X,Q)⊗Q C.
By analytic facts about modular forms (almost self-adjointness of Hecke opera-
tors with respect to the Petersson inner product, and multiplicity one), our Hecke
eigenform occurs twice on the left hand side, so determines a 2-dimensional sub-
space of the right hand side. Now, an l-adic comparison isomorphism allows us
(fixing C ∼= Q̄l) to also view the right hand side an l-adic cohomology group, and
since Hecke commutes with Galois pick out a 2-dimensional representation.

We will need a generalisation of the above “Hodge theory” result necessary for
k > 2, and cut out our complex subspace using the Hecke operators. Since Y
is non-compact, but we will want to work over it to avoid worrying about issues
on the compactification, we let H∗p (Y,F) denote the image of the canonical map
H∗c (Y,F) → H∗(Y,F), and it is this which will appear on the right hand side of
our isomorphism, which reads as follows.

Proposition 1.2 (Shimura Isomorphism). There is a natural map

H0(Y,Ω1 ⊗ ωk−2)⊕H0(Y,Ω1 ⊗ ωk−2)→ H1(Y, Symk−2(R1f∗C)),

and it induces a natural (Hecke-equivariant) isomorphism

Sh : H0(X,Ω1 ⊗ ωk−2)⊕H0(X,Ω1 ⊗ ωk−2)→ H1
p (Y, Symk−2(R1f∗C)).

Deligne only proves the first part of this statement, and it is my hope we will
have a talk or two later in the semester on relative Lie algebra cohomology and
Matsushima’s formula, which should hopefully recover this result as a special case,
so for now we postpone the proof (or see Deligne’s paper or Rong’s notes, or for a
full proof more in keeping with the more general case, Langlands’ paper).

Finally, we can use our comparison theorems between cohomology theories (to-
gether with the fact that Vk = Symk−2(R1f∗Q̄l) is an algebraically-defined l-adic
local system) to get a Hecke-equivariant isomorphism

H0(X,Ω1 ⊗ ωk−2)⊕H0(X,Ω1 ⊗ ωk−2) ∼= H1
p (Y, Symk−2(R1f∗Q̄l)).

Proposition 1.3 (Construction of the Galois representation). Given a newform
f , we can construct a canonical 2-dimensional l-adic Galois representation σ(f) .

Proof. If the level N is less than 5, work with a curve of higher level and take
Γ1(N) invariants of all cohomology spaces involved (coming from the adelic action
on all the spaces involved), to end up with a subspace H0(X,Ω1 ⊗ ωk−2)Γ1(N) on
which f is a new form. This trick in hand, we now ignore the issue of small level.

We must now intepret the conjugation. The conjugate space is the same (as
a complex vector space), but Hecke acts on it via its adjoint with respect to the
Petersson inner product. In particular, the Hecke eigenvalues of f end up being
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conjugated, whereas we would like a subspace on which Hecke acts by constants.
Of course, for level Γ0 forms this is no issue (in this case he Hecke eigenvalues are all
real), but in general the trick is to notice that if f is a newform of a certain level and
weight, we note that its complex conjugate is also. Indeed, since modular forms are
defined algebraically, we can write Sk(Γ1(N)) = H0(XQ,Ω

1 ⊗ ωk−2)⊗Q C, and we
see that complex conjugation simply acts on coefficients, in particular preserving
the space. We see similarly that it preserves the space⊕

tM=N

Sk(Γ1(M))→ Sk(Γ1(N))

of old forms. Also the Petersson inner product is Hermitian, so in particular if
〈f, g〉 is nonzero, then 〈f, ḡ〉 is also nonzero, and hence conjugation preserves the
space of newforms. Therefore given a newform f , the subspace

f ⊕ f̄ ⊆ H0(X,Ω1 ⊗ ωk−2)⊕H0(X,Ω1 ⊗ ωk−2)

is a 2-dimensional space with constant Hecke eigenvalues.
Finally, we take the image of this subspace under the Shimura isomorphism to

get our 2-dimensional representation σ(f). We must check it is Galois-stable. By
Atkin-Lehner’s theory of newforms1, f is the unique Hecke eigenform in Sk(Γ1(N))
with eigenvalues ap. Thus σ(f) can be described in terms of the Hecke algebra T0

C
away from N as the quotient of the T0

C-module (remembering we fixed C ∼= Q̄l)
H1
p (Y, Symk−2(R1f∗Q̄l)) by the kernel of the map Tp 7→ ap : T0

C → C. Since the

Galois action is T0
C-linear, the result follows.

�

1.3. Reduction mod p, and the Eichler-Shimura relation. So far we started
with a modular form and by some miracle obtained a Galois representation σ(f).
In this section we study the Galois representation and try to see how it relates to
the modular form. More specifically, we are able to show the following (which by
the Cebotarev density theorem suffices to determine our representation).

Theorem 1.4 (Eichler-Shimura relation). Let p be a prime not dividing Nl, and
Tpf = apf . Then σ(f) is unramified at p, and the Frobenius conjugacy class at p
has inverse characteristic polynomial

1− apT + χ(p)pk−1T 2.

We will state without proof the following result. It depends crucially on our
curve X having good reduction at primes away from N , which I may discuss in
an appendix. If it were compact, we would then deduce the following immediately

1We cannot just appeal to the q-expansion principle, since we only know the local behaviour at
p not dividing the level. The theory of newforms in particular says that two normalised newforms
whose Hecke eigenvalues agree away from the level are equal. This result can be seen as strong
multiplicity one (as opposed to just ‘multiplicity one’) for modular forms.
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from proper smooth base change (which for those of us mortals who haven’t prop-
erly understood SGA, is usually a convenient statement to use). However, under
these circumstances things become rather more complicated, with the sheaves in-
volved not quite being smooth over the cusps, and some more detailed analysis
being necessary.

Proposition 1.5. For p 6 |Nl there is a canonical specialisation isomorphism

H1
p (YQ̄p , Sym

k−2(R1f∗Q̄l))→ H1
p (YF̄p , Sym

k−2(R1f∗Q̄l)).

In particular, the representation H1
p (YQ̄, Sym

k−2(R1f∗Q̄l)) is unramified at p and
the action of the (geometric) Frobenius can be computed as the action induced by
the actual Frobenius endomorphism on the cohomology of YFp (with sheaf F of
coefficients defined over Fp):

F ∗ : H∗(YFp ,F)→ H∗(YFp ,F).

With this in hand, our problem becomes one of working out how the Hecke
operators act on our mod p modular curve (and in this section we identify all
schemes with their fibre at Fp unless explicitly stated otherwise). We note that the
moduli-theoretic interpretation of the Hecke operators extends to our local systems
attached to the universal elliptic curve in the following way. Letting Y

π1← Yp
π2→ Y

denote our Hecke correspondence, the universal elliptic curve E → Y pulls back
(along both morphisms) to give a diagram including a universal p-isogeny φ defined
over Fp:

E
π1← E1

φ→ E2
π2→ E.

In this picture, we have a natural morphism:

H1
p (Y, Symk−2(R1f∗Q̄l))

π∗
2→ H1

p (Yp, Sym
k−2(R1f2∗Q̄l))

φ∗→ H1
p (Yp, Sym

k−2(R1f1∗Q̄l)).

Moreover, since π1 is a finite étale morphism, its higher direct image functors
vanish, so the Leray spectral sequence degenerates and this tells us that

H1
p (Yp, Sym

k−2(R1f1∗Q̄l)) ∼= H1
p (Y, Symk−2(π1∗R

1f1∗Q̄l)).

But by construction, R1f1∗Q̄l = π∗1R
1f∗Q̄l. Also, since π1 is finite (in particular

proper) we have π1! = π1∗, so the counit of the relevant adjunction induces a trace
map

Tr : H1
p (Y, Symk−2(π1!π

∗
1Sym

k−2(R1f∗Q̄l)))→ H1
p (Y, Symk−2(R1f∗Q̄l)).

Taking the composition of all of these, we get the action of the Hecke operator
Tp on our representation:

Tp = Tr ◦ φ∗ ◦ π∗2 : H1
p (Y, Symk−2(R1f∗Q̄l))→ H1

p (Y, Symk−2(R1f∗Q̄l)).

In the characteristic zero setting, there are (p+ 1) different p-isogenies (coming
out of any given elliptic curve) to worry about, each of we can imagine would
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contribute a possibly complicated-looking term to the trace morphism we just
defined. However, now we are in characteristic p, there are much fewer p-isogenies
and we can very easily say what they are. This is the trick we shall exploit to
write down a simple formula for the map just defined.

We shall need a couple of other operators to be interpreted on the Galois side.
Let Ip (the ’diamond operator’) denote the automorphism of the modular curve

taking (E, x) 7→ (E, px). Also note that canonically we have
∧2R1f∗Zl ∼= Zl(−1),

which by Poincare duality induces a canonical bilinear form onH1
p (Y, Symk−2(R1f∗Q̄l))

with values in Q̄l(−k+1). We let V denote the transpose of F with respect to this
inner product. It is then clear that (V Fx, y) = (Fx, Fy) = p(k−1)(x, y) for all x, y,
and since the pairing is perfect, this implies that V F = pk−1. We shall see that
this V arises naturally when we try to compute the action of the Hecke operator.

Theorem 1.6 (Eichler-Shimura Relations). The action of Tp on H1
p (Y, Symk−2(R1f∗Q̄l))

is given in terms of F, V, Ip by the formula

Tp = F + I−1
p V.

Proof. Let us consider the fibre of a point (E, x) ∈ Y under π1. This is the set of
all isomorphism classes of p-isogenies out of E, which correspond to finite degree
p group subschemes of E[p]. If E is ordinary, this is either infinitessimal (in which
case the map is the Frobenius f : (E, x) → (E(p), x(p))), or the unique nontrivial

étale p-subgroup (in which case it is Verschiebung v : (E, x)→ (E(p−1), x(p−1))). If
E is supersingular, there is only one choice: the Frobenius isogeny. One therefore
can view the Hecke correspondence Yp over Fp as two copies of Y intersecting at
supersingular points. In particular, since Y is smooth, Yp is smooth away from the
supersingular locus, and we obtain a surjective birational map

Φ : Y
∐

Y → Yp.

Deligne uses some general algebraic-geometric arguments (lemma 4.6) to show
that he can ’pull the Hecke correspondence back along Φ’ and compute it there.
Let us henceforth let F denote absolute (geometric) Frobenius (or its action on
cohomology groups defined over Fp). Then F defines a morphism Y → Y given
by (E, x) 7→ (E(p), x(p)). Let us also pin down Φ precisely by saying that it acts
on the first factor by taking E to its Frobenius isogeny

E 7→ (f : (E, x)→ (E(p), x(p))),

and on the second factor by taking E to the dual isogeny of this

v : E 7→ (f : (E(p), p−1x(p))→ (E, x)).

With this setup we can pull back the Hecke correspondence along Φ to get

Y
p1← Y

∐
Y

p2→ Y , where:
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p1(E, x) =

{
(E, x) on first component,

(E(p), p−1x(p)) on second component,

p2(E, x) =

{
(E(p), x(p)) on first component,

(E, x) on second component.

If E is the universal elliptic curve over Y , and E = R1π∗Q̄l its first cohomology
sheaf, it follows from this description that

p∗1E = E
∐

F ∗E , p∗2E = F ∗E
∐
E ,

and that the endomorphism φ∗ occuring in the Hecke correspondence pulls back
to f ∗

∐
v∗.

Deligne’s lemma then tells us that

Tp = H1(Y, Symk−2(E))
pi∗2→ H1(Y, Symk−2(F ∗E))×H1(Y, Symk−2(E))

f∗
∐
v∗→ H1(Y, Symk−2(E))×H1(Y, Symk−2(F ∗E))

id+Trh→ H1(Y, Symk−2(E)),

where h is the map (E, x) 7→ (E(p), p−1x).
Note that since our morphism is finite, the final map takes the form claimed

by unwinding the definition of the trace map as summing over a collection of
values on the sheaf, one per element in the fibre (so in particular it will sum
over connected components). While we are thinking about this, we might as well
note that for a finite map a : X → Y , it follows from the same picture that
Traa

∗ : H∗(Y,F)→ H∗(Y,F) is always equal to multiplication by the degree of a
(one can check explicitly in degree 0 and then use long exact sequences to deduce
for higher degrees). We will need this fact too in just a moment.

Now we can compute this as a sum of two terms. The first is

H1(Y, Symk−2(E))
F ∗
→ H1(Y, Symk−2(F ∗E)

f∗→ H1(Y, Symk−2(E)),

and of course E → E(p) → E is the absolute Frobenius, so this map is none other
than F itself acting on the whole cohomology group.

The second term is more involved:

H1(Y, Symk−2(E))
v∗→ H1(Y, Symk−2(F ∗E))

Trh→ H1(Y, Symk−2(E)).

Firstly, we note that h can be decomposed as (E, x) 7→ (E(p), x) 7→ (E(p), p−1x).
I.e. h = I−1

p F , so its trace map can be decomposed similarly. We now separate
out a large chunk of it as

Vgeom = TrF ◦ v∗ : H1(Y, Symk−2(E))→ H1(Y, Symk−2(E)).
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Note that we are almost done, having decomposed the Hecke operator as

Tp = F + I−1
p Vgeom.

Finally we observe that fv = [p], so v∗ ◦ f ∗ induces multiplication by p on E ,
hence multiplication by pk−2 on our cohomology group, and TrFF

∗ is multipli-
cation by p (by our above discussion on traces). Putting these together, we see
that

VgeomF = TrF ◦ v∗ ◦ f ∗ ◦ F ∗ = pk−1.

And finally, by the well-known fact that the geometric absolute Frobenius act-
ing on cohomology can be identified with the Galois action of the inverse of the
arithmetic Frobenius φ, we deduce that Vgeom = V since

(V x, y) = (V Fφx, φFy) = pk−1p−(k−1)(x, Fy).

�

Now we can substitute back in and see that

TpF = F 2 + I−1
p pk−1.

Finally, on the subspace σ(f), we substitute in and get (after a bit more thought2)
that theorem 1.4 follows: for p 6 |Nl, the characteristic polynomial of the Frobenius
on σ(f) is given by

1− apT + χ(p)pk−1T 2.

In particular, we have finished our programme of constructing a Galois repre-
sentation with the correct behaviour at all the good places for modular forms of
weight at least 2:

Corollary 1.7 (Compatibility of L-factors). The L-factor of the Galois represen-
tation is

1− app−s + χ(p)pk−1p−2s,

which agrees with the automorphic L-factor of f .

Perhaps we should remark here that the automorphic L-factor in the case of a
newform was defined almost by accident, by taking the Mellin transform of our
modular form, and using the theory of Hecke operators to separate it out into an
Euler product. One important task for a later talk must be to define an automor-
phic L-factor in a more satisfactory and general way so we can actually understand
the formulation of our problem. In the next talk we shall recast the theory of mod-
ular forms in the language of automorphic representations, and hopefully this will
show us the correct direction in which to proceed with this important task.

2In his notes ‘The Shimura Construction in weight 2’ Brian Conrad insists on checking that the
polynomial we showed F satisfies is in fact the characteristic polynomial, and uses a computation
of the Atkin-Lehner involutions to do this. As far as I can see, the only issue that could arise
here is when F acts by a scalar (so satisfies more than one degree 2 polynomial). Maybe one
does need a serious argument to rule out this case: I refer the interested reader to Brian’s notes.
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We should also say that there are still plenty of modular forms out there to
which the arguments given above do not apply. There are weight 1 modular
forms, which Deligne and Serre show in a later paper give rise to 2-dimensional
Artin representations (representations with finite image) - maybe I will write an
appendix on this if I have time. One can also check that all the representations
constructed above are odd : the determinant of a complex conjugation is −1. It is
also conjectured that we should also get even 2-dimensional Galois representations
attached to a special subfamily of the non-holomorphic objects called Maass forms,
but I get the impression little serious progress has been made in this direction.

1.4. Appendix: Good reduction of modular curves.

1.5. Appendix: Weight 1 modular forms.

2. From Modular Forms to Automorphic Representations

In Tate’s famous thesis he placed Dirichlet L-functions in a broader context of
L-functions associated to characters of the idele class group F ∗\A∗F of a number
field F . Such characters can be decomposed into a product of characters of χv :
F ∗v → C∗ for each place v of F , giving a conceptual explanation for the expression
of the completed L-function as an Euler product over finite primes and a gamma
factor at each infinite place. His analysis begins by an analysis of the behaviour
of characters at local places (and computations of their L-functions), and then
proceeds to an analysis of the global characters (in particular proving functional
equations for L-functions) in a way that is greatly streamlined by his analysis of
the local picture.

Now, the characters Tate ends up with are representations of GL1(AF ) satisfying
some conditions which might lead us to describe them as ‘automorphic’. and they
split into products of local characters of GL1(Fv). Remarkably, it turns out one
can replace GL1 by GLn (or even some other reductive group) and much of the
story of Tate’s thesis still goes through. In particular, we will see ourselves led to
define a class of ‘cuspidal automorphic representations’ π of GLn(AF ), and they
will also enjoy the property that they can be decomposed over all places of F :

π =
⊗
v

′πv.

In this chapter we develop this theory just enough to be able to understand
the automorphic representations that are attached to our classical modular forms
of weight at least 2, at least away from the finite bad primes. We shall follow a
similar outline to Tate’s thesis, beginning with the necessary local representation
theory and L-functions, and then define our global objects of interest and relate
them to the classical picture of modular forms. The seminar talk was loosely based
on Kudla’s article in“An Introduction to the Langlands Program”, but the author
also found Gelbart’s article in the 1995 Fermat’s Last Theorem book, Bump’s
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CUP book on Automorphic Forms, various articles in the Corvallis proceedings
and ultimately the definitive reference book of Jacquet and Langlands to all be
very useful in writing these notes. Of course, we shall restrict ourselves to GL2

for now, but later in the semester will probably be needing a good understanding
of at least GLn (but helpfully it seems that many of the constructions are exactly
the same, and many of the important results remain true).

2.1. Local Theory: Non-archimedean case. For this paragraph, let F be
a p-adic local field, with ring of integers O. We shall be interested in certain
representations of G = GL2(F ) (usually infinite-dimensional). Note that this
group has a ‘canonical’ maximal compact subgroup K0 = GL2(Ov) ⊂ GL2(F ),
which is the unique maximal compact subgroup up to conjugacy. Say that a
representation π : GL2(F ) → Aut(V ) is smooth if every vector v ∈ V is fixed by
an open subgroup, and admissible if for any open compact subgroup K ⊂ GL2(F )
the vector space of K-invariants V K is finite-dimensional. In fact it turns out that
any smooth irreducible representation is automatically admissible. We now set out
to classify such representations, and will see that there is a trichotomy of principal
series representations (easy to write down), special representations (also easy to
write down: only two of them), and supercuspidal representations (much harder).

One natural recipe for building a smooth representation of GL2(F ) is to induce
up from a smooth representation on a parabolic subgroup. In our case, the only
parabolic in town is (up to conjugacy) the standard Borel of upper triangular
matrices, with Levi subgroup GL1 ×GL1, so the representations obtained in this
way are precisely

IndGBχ1 ⊗ χ2 = {f : GL2(F )→ C : f(

(
t1 b
0 t2

)
g) = |t1/t2|1/2χ1(t1)χ2(t2)f(g)}

where χ1, χ2 are both characters of F ∗, and the normalising factor is apparently
necessary to make this “unitary induction” taking unitary characters to unitary
representations. We write I(χ1, χ2) as a shorthand for this representation.

Proposition 2.1 (Classification of induced representations). If χ1χ
−1
2 (x) 6= |x|±1,

then I(χ1, χ2) is irreducible. Such irreducibles are called principal series represen-
tations.

If χ1χ
−1
2 (x) = |x|±1, we can extract from I(χ1, χ2) a 1-dimensional represen-

tation (a character), and a twist by a character of a codimension 1 irreducible
representation called the Steinberg. A representation that is a character or a twist
of Steinberg is called special.

Finally, the smooth irreducible representations which do not arise in this fashion
are called supercuspidal. I would guess that if you want to do a decent analysis
of behaviour at bad primes, you will want to do a detailed study of the super-
cuspidal representations and do some serious working out of the local Langlands
correspondence relating these to 2-dimensional representations of the Weil group
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of F . However, since we will only be looking at good primes, it turns out we will
only have to look at principal series representations and characters, as we will now
sketch.

Given a smooth irreducible representation π : GL2(F ) → Aut(V ), we say it is

unramified if V K0 6= 0. In other words, it is unramified if there exists a vector fixed
by the whole of GL2(OF ). In such a case it turns out that V K0

is one-dimensional.
Our goal for the rest of this paragraph is to classify the unramified representations.

Proposition 2.2 (Classification of unramified representations). Let π : GL2(F )→
Aut(V ) be a smooth irreducible unramified representation. Then either π is an
unramified character, or there exist unramified characters χ1, χ2 with χ1χ

−1
2 6=

| − |±1 such that π ∼= I(χ1, χ2).

Proof. Firstly, it is clear that all such representations are irreducible unramified
smooth representations, so our task is to prove this list is exhaustive. It turns
out that for these kinds of representation, while G acts on the whole of V , it
is useful to introduce Hecke algebras which act on the individual subspaces V K

and still carry a lot of information about the representation. We define H(G) =
Homsmooth, compactly supported(G,C). This is an algebra under convolution, and acts
on V by

φ.v =

∫
G

φ(g)π(g)v.

This action is clearly a C-linear extension of the G-action given.
We now define the subalgebra H(G,K) of all those functions which are K-

bi-invariant, and one can easily verify that this is stable under convolution, and
carries an action on V K . Awesomely, it turns out the following cool fact is true.

Lemma 2.3 (Schur’s Lemma for Hecke actions). Given (π, V ), (π′, V ′) smooth
irreducible representations of G = GL2(F ) such that for some K open compact in
G, V K ∼= V ′K as nonzero H(G,K)-modules, then in fact π ∼= π′.

As a consequence of this, to classify unramified representations it suffices to
classify actions of H(G,K0) on a 1-dimensional vector space! In other words, we
really just need to pick apart the structure of the Hecke algebra. Let $ be a
uniformiser in F . It is possible to check that if we take T to be the indicator

function of K0

(
$ 0
0 1

)
K0, and D the indicator function of K0

(
$ 0
0 $

)
K0,

then we have

H(GL2(F ), GL2(OF )) ∼= C[T,D,D−1].

So to give a 1-dimensional representation of this Hecke algebra is to give an
eigenvalue for T and a nonzero eigenvalue for D. Finally, note that an unramified
character χ : F ∗ → C∗ is determined by the image of a uniformiser in C∗, so we
write I(t1, t2), with ti ∈ C∗ for the corresponding induced representation. It is then
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possible to check that on the Hecke-invariant vector of I(t1, t2), T has eigenvalue
t1 + t2 and D has eigenvalue t1t2.

Pairs of eigenvalues (t, d) correspond bijectively to unordered pairs (t1, t2) (by
solving quadratic equations), so it is clear (letting q be the size of the residue field
of F ) that for t1t

−1
2 6= q±1 the irreducible representation associated to (t, d) is just

the principal series representation I(t1, t2).
Otherwise, suppose wlog t1 = qt2. Then up to my having forgotten some nor-

malisation factors and hence now being confused [TODO: FIX THIS], any such
character of the Hecke algebra should be realisable as that attached to an honest
unramified character of F ∗. This is at least plausible-looking, since such represen-
tations are controlled by the single parameter t2, which is also what parameterises
unramified characters. Note that the Steinberg representation isn’t unramified but

does contain a vector fixed by the Iwahori subgroup {
(
∗ ∗
0 ∗

)
mod $}.

�

Great, so we have a list of all the unramified representations of GL2. In par-
ticular, we know that they are parameterised by the pairs of numbers (t, d) (we
write UR(t, d)). In the context of the Local Langlands correspondence, we want
to identify this with the unramified representation where the Frobenius element is
semisimple with trace t and determinant d (so had eigenvalues t1, t2). Another way
of saying this is to say that unramified representations correspond to semisimple
conjugacy classes in GL2(C) (‘Langlands classes’).

Finally, we should note that in this case it is not hard to compute the local L-
factor, which is defined more generally as an appropriate Fourier transform. Here
it is simply the inverse characteristic polynomial of the Langlands class [TODO:
Again I’m unsure if this is correctly normalised]:

L(UR(t, d), s) = 1− tq−s + dq−2s.

2.2. Local Theory: Archimedean case. We shall briefly discuss the represen-
tation theory we need at the archimedean place3, although we will only consider
G = GL2(R), and we do not bother to compute the L-factors. A reader who wants
all the details should look in Jacquet-Langlands (who spend no fewer than the
first 300 pages of their book on local analysis). We now fix K∞ = O(2) a maximal
compact of G.

We consider admissible representations of G on a Hilbert space H, which are de-
fined to be those continuous representations where each irreducible representation
of K∞ occurs as a subrepresentation with finite multiplicity. Note that given such
an object we can form its subspace of K∞-finite vectors (those who K∞ translates
span a finite dimensional vector space) and this gives rise to a representation of

3We are mostly following Gelbart’s article in ‘Modular Forms and Fermat’s Last Theorem’.



16 TOM LOVERING

K∞ together with an action of the Lie algebra g which are compatible in an obvi-
ous way. In fact one can axiomatise such objects to get the notion (I’d guess due
to Harish-Chandra) of a (g, K∞)-module, which is a much nicer algebraic object.
One can show the correspondence we defined above in fact induces an equivalence:

Theorem 2.4. There is a natural bijective correspondence between irreducible ad-
missible representations of G and irreducible (g, K∞)-modules.

We shall now just state the classification of such representations. One has a
fairly similar story to what we said about the nonarchimedean case, in that the
key construction is inducing representations up from the standard Borel. However,
here the situation is in some ways much nicer because every irreducible represen-
tation can be constructed in this way: there are no such thing as ‘supercuspidal’
representations at the infinite place. On the flip side, there is also a wider class of
induced representations which fail to be irreducible, whose irreducible subrepre-
sentations give a whole new (and for us very important) class known as ‘discrete
series’.

We form the unitary induction IndGB(χ1⊗ χ2) as we did in the nonarchimedean
case, again writing I(χ1, χ2) for short, and we have the following result.

Theorem 2.5. If χ1χ
−1
2 is not a character of the form x 7→ sgn(x)xp for p some

nonzero integer, then I(χ1, χ2) is irreducible, in which case it is called principal
series.

Otherwise, there is a unique invariant subspace. Wlog suppose p is positive and
let

fk(

(
a1 ∗
0 a2

)(
cos θ − sin θ
sin θ cos θ

)
) = χ1(a1)χ2(a2)e−ikθ.

Then the invariant subspace is

{. . . f−p−3, f−p−1, fp+1, fp+3, . . . },
which is called the discrete series of lowest weight k = p+ 1.

It will turn out that modular forms of weight k ≥ 2 will give rise to representa-
tions which at the infinite place are discrete series of lowest weight k (and we can
already see from the above representation theory that in the case k = 1 something
rather singular and interesting looks likely to happen).

2.3. Global Theory: Automorphic Representations. With our local objects
now understood, we can start thinking about the global objects of which they will
be constituents. In this section F will be a number field, and A its ring of adeles,
Af the finite adeles.

The most naive thing we might want to consider are representations of G(A) =
GL2(A) and impose some kind of ‘admissibility’ condition as in the local cases.
Indeed, it is possible to do such a thing, and it turns out that to be an admissible
irreducible representation is equivalent to being a restricted tensor product π =
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⊗′vπv of irreducible admissible representations over all places (where the ‘restricted’
means πv is unramified for all but finitely many v, and in any tensor appearing,
all but finitely many places contain the local K0

v -fixed vector).
So far all we have really done is to have passed from considering individual local

objects, to considering collections of local objects, one for each place, which is very
different from a global object. Recall that in global class field theory the object
of interest is not the ‘everywhere local’ object A∗, but rather the truly global
object F ∗\A∗. Similarly, we will study not arbitrary representations of G(A), but
rather automorphic representations: those which are left-invariant under G(F )-
translation.

Where can we find such representations? The obvious place to look is the in-
duced representation of the trivial representation up from G(F ) to G(A), namely
(once we impose appropriate analytic conditions4) L2(G(F )\G(A)). Of course,
restricting to the centre Z(A) we get a direct sum decomposition of this represen-
tation into eigenspaces for different characters of Z(A), and by construction the
only such characters arising must be trivial on Z(F ), namely, they are grossen-
characters ω : F ∗\A∗ → C∗. We let L2(G(F )\G(A), ω) denote the subspace with
central character ω.

Finally, I guess either motivated by the constraints required to make Hecke’s
theory of automorphic L-functions work, or because what we end up with turns
out to be precisely the discrete part of the spectrum (or indeed both), we restrict
to the subspace of functions which are cuspidal. Namely, we require that for each
parabolic P ⊂ G, with unipotent radical U , defined over F , that our function
φ : G(A)→ C∗ satisifes for all g ∈ G(A)∫

u∈U(F )\U(A)

φ(ug)du = 0.

This expression makes sense because F is cocompact in A (and unipotent groups
can be decomposed into copies of Ga). Also, for GL2 it suffices to check this on the
group U0 of upper triangular matrices with 1s on the diagonal, since U0 = hUh−1

for some h ∈ G(F ), and hence∫
u∈U(F )\U(A)

φ(ug)du =

∫
u∈U0(F )\U0(A)

φ(h−1uhg)du =

∫
u∈U0(F )\U0(A)

φ(uhg)du.

We let A0(G,ω) denote this space of ‘cusp forms’ for G with central character
ω, and this is the large automorphic representation in which we shall find the irre-
ducible subrepresentations we wish to study. One slightly confusing thing seems to
be that much of the literature defines automorphic forms to be functions satisfying
some boring list of properties, and cuspidal automorphic forms those which satisfy

4Namely, we restrict to functions which are square-integrable modulo centre. I guess this is
necessary to put a natural structure of a Hilbert space on the subrepresentations with equal
central character.
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an additional property, and talk about an algebraic decomposition into irreducible
’representations’ (where the infinite component is actually a Harish-Chandra mod-
ule). However, it turns out that the closure of that game in our space is the whole
space, so we won’t review these details here (but perhaps we will be forced to later
in the seminar).

As we alluded to above, there is an amazing theorem (true for any reductive
group) that this (unitary) representation decomposes into a Hilbert space direct
sum of irreducible admissible representations, each with finite multiplicity, and for
G = GLn this multiplicity is always 1. In other words

A0(G,ω) =
⊕̂

i
πi

with each πi a distinct irreducible admissible representation. Such irreducibles
are called cuspidal representations. One also has ‘strong multiplicity one’: that if
two cuspidal representations agree at all but finitely many places, then they are
isomorphic.

These are the fundamental objects of study in the Langlands programme. Namely,
the most general form of the Langlands conjecture for GLn asserts a correspon-
dence between [algebraic (?)] cuspidal representations of GLn(A) and irreducible
n-dimensional representations of GF such that at almost all primes the local ob-
jects are compatible via local Langlands. Under this correspondence, we observe in
passing that strong multiplicity one corresponds to the Cebotarev density theorem.

2.4. Modular Forms Unmasked. Last lecture we associated some irreducible
2-dimensional Galois representations to modular forms, and in this section we see
why this is a part of the Langlands story, interpreting each newform as a ‘lowest
level and lowest weight vector’ of a cuspidal representation. One obvious advantage
of such an approach is to make clear exactly how to split up a newform into local
data. It also places the theory of modular forms within a much more general
framework, and makes more conceptual the seemingly ad-hoc need in the classical
picture to restrict attention to Hecke eigenforms, newforms, etc. as I hope we shall
see in this paragraph.

Firstly, what is a cuspidal modular form? It’s some holomorphic function on
the upper half plane, invariant up to an automorphy factor under a congruence
subgroup, and with a vanishing condition at all the cusps. Let’s break this defi-
nition down. What is the upper half plane? Well it’s some space with a natural
action of GL2(R)+ which acts transitively stabilised by K∞ = O(2)Z(R). In other
words, the upper half plane can be identified with GL2(R)+/K∞ with the obvious
left action of GL2(R)+.

What is an automorphy factor (and this is a slightly subtle but important point
that took me a while to figure out)? It is a descent datum that allows us to view
our form as a section of a line bundle on Γ\GL2(R)+/K∞. Furthermore, one can
check that this line bundle (and in general any ‘automorphic vector bundle’) enjoys
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the property that when it is pulled back to Γ\GL2(R)+ it becomes trivial. For our
purposes it is this picture that will be most important, so we shift from thinking
of modular forms as functions on the upper half plane satisfying an automorphy
condition in terms of Γ, to thinking of them as functions on Γ\GL2(R)+ satisfying
an automorphy condition in terms of the right action of K∞. Writing K∞ =

Z(R)SO(2), and kθ =

(
cos θ sin θ
− sin θ cos θ

)
one can unravel the definitions and check

that the line bundle containing the weight k modular forms trivialises with the
automorphy condition:

φ(gzkθ) = sgn(z)keikθφ(g).

What is a congruence subgroup? In this context it’s usually given as a subgroup
Γ of SL2(Z) ⊂ SL2(R) that can be described as a preimage of reduction mod N
for some N . When thinking about congruences it’s usually more natural to think
in terms of Ẑ rather than Z and indeed the condition now becomes that Γ is the
intersection of SL2(Z) with an open (compact) subgroup K of SL2(Ẑ). It will be
convenient for us to extend from SL2 to GL2, and we can interpret our congruence
subgroup as the intersection of GL2(Q)+ with an open compact subgroup K of

GL2(Af ) such that det(K) = Ẑ∗.
So we can re-write the space on which our modular form is a function by

strong approximation for SL2 (SL2(Q) is dense in SL2(Af ) and det(K) = Ẑ,
so GL2(Q)+K = GL2(Af )).

Γ\GL2(R)+/Z(R)K∞ = GL2(Q)+\GL2(R)+ ×GL2(Af )/K∞K.

And by real approximation (that for G a reductive group G(Q) is dense in G(R))
this is

GL2(Q)\GL2(A)/K∞K.

So a modular form is a function on this space, and so provided it is square
integrable (which must follow from holomorphicity at the cusps), it lives in the
space L2(GL2(Q)\GL2(A)). It is also clear from Cauchy’s integral theorem that
vanishing at the cusps is equivalent to the cuspidality condition on the space of
such functions, so cusp forms live in some A0(G,ω). What can we say about
ω = ω∞ωf?

Let’s suppose our cusp form is of level Γ1(N), so we can take K maximal away

from the primes dividing N and of the form {
(
a b
0 1

)
mod pvp(N)} at each prime

dividing N . Intersecting this with Z(Af ) = A∗f we get the elements of Ẑ∗ which are
congruent to 1 modulo N . We therefore see that ωf is a character of the finite idele
class group that is trivial on the N -units, and such things correspond precisely to
Dirichlet characters χ : (Z/NZ)∗ → C∗. Of course, one may unravel the definitions
and observe that the character thus obtained is precisely the nebentypus of the
classical modular form. Finally, since our function is right-invariant under the
action of Z(R), we see that ω∞ is trivial.
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So we have now identified a large automorphic representation in which our mod-
ular form ‘lives’, and in fact it is possible to show that f lives inside a single ir-
reducible constituent of the direct sum decomposition described in the previous
chapter. In particular, we obtain πf := G(A)f a cuspidal (irreducible) represen-
tation. Can we say any more? In particular it would be nice to say enough that
we have a converse (i.e. say that a particular class of cuspidal representations
correspond precisely to newforms). It turns out that this criterion is simply the
infinity type π∞.

Proposition 2.6 (Classification of automorphic representations coming from mod-
ular forms). There is a natural bijection between newforms (of some level) of weight
k ≥ 2 and cuspidal representations π of GL2(AQ) with π∞ equal to the discrete
series representation with lowest weight k.

Let us think about why this might be true. It turns out to be the case that any
automorphic representation π has a conductor N which is the least N such that
up to central character, the open subgroup K0(N) of GL2(Af ) corresponding to
Γ0(N) fixes a nonzero vector f of π, and such a vector is unique up to scalar. If π∞
is discrete series of lowest weight k, one can think about its (g, K∞)-module and
deduce that a certain differential operator in the Lie algebra is forced to vanish,
corresponding to the Cauchy-Riemann equations: so f is holomorphic! One can
also then easily check that K∞ acts on f in agreement with the formula deduced
above for forms of weight k. It is also clear that the Hecke algebra away from
N preserves this 1-dimensional subspace, showing that f is a Hecke eigenform of
level N , and it’s new by minimality of the conductor. We have thus extracted a
newform from our cuspidal representation. The map in the other direction is now
immediate from the previous discussion.

In this chapter we managed to replace our charming and quirky, but some-
times rather inscrutable, modular forms with huge intimidating but incredibly
well-structured cuspidal automorphic representations. Both pictures have advan-
tages and disadvantages: as their name suggests, modular forms have the advan-
tage of being modular, so we can get at their properties by thinking about moduli
of elliptic curves (as we did in the previous lecture), and they have a q-expansion
principle which makes their local data at least psychologically feel more accessi-
ble. However, automorphic representations can be very easily defined for general
reductive groups, and having a world of such objects at our fingertips will help
us to see the big picture far more clearly, even in situations where having a more
concrete interpretation will ultimately be what is required to prove a result.

3. Hilbert Modular Forms and the Jacquet-Langlands
Correspondence

In this section we will introduce the natural generalisation of modular forms
from Q to a totally real field F of degree d (and with the language of automorphic
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representations now established, this will turn out to be very easy). However,
if one tries to imitate Deligne’s argument to construct a Galois representation,
one ends up with the wrong object5. We must therefore also study automorphic
forms on closely related reductive groups: inner forms of GL2/F , which it turns
out are extremely closely related to Hilbert modular forms. This powerful result
is the Jacquet-Langlands correspondence, which we state and whose proof we
sketch. This has many cool applications, including being able to compare many
modular forms to automorphic forms on 0-dimensional Shimura varieties (finite
sets of points!).

3.1. Hilbert modular forms and quaternionic automorphic forms. Taking
a cue from the previous section, we shall define our objects of study as classes of
cuspidal representation (though all the automorphic forms in this section do admit
an ‘upper half plane’ type picture similarly to classical modular forms, with added
technical issues coming from Shimura varieties involved having extra components
due to the possibility of more interesting class field theory than in the case F = Q).
Let us label the real places of F τ1, ..., τd.

A Hilbert modular form of weight (k1, ..., kd) (each ki ≥ 2) is (the lowest weight
vector associated to) a cuspidal representation π of GL2(AF ) with infinity type
π∞ = ⊗πτi where πτi is discrete series of lowest weight ki.

More generally, fix a quaternion algebra 6 D over F , wlog splitting at τ1, .., τs and
ramifying at all the other real places. LetG′(T ) = GL1(D⊗QT ) = ResF/QGL1(D)(T ).
Then the symmetric spaces on which the automorphic representations live are

D∗\(D ⊗F AF )∗/K∞K,

where at the infinite places we see that

(D ⊗Q R)∗ = GL2(R)s ×H∗(d−s), K∞ = GO2(R)s ×H∗(d−s).

Thus the infinite component of the symmetric space is seen (after replacing D∗

by its intersection with the connected component of its real points) to be a product
of s copies of the upper half plane. In particular the space is s-dimensional as a
complex manifold. For s = d we get the d-dimensional Hilbert modular variety
(which should in some sense parameterise abelian varieties with multiplication by
the totally real field F ), and for s = 1 we get Shimura curves. Notice that we

5I am led to believe it is the 2d-dimensional tensor power of d ‘conjugate’ representations: one
for each real place, but am tempted to actually check this in an appendix at some point.

6To the reader who is scared of quaternion algebras, the basic facts are that they are non-
commutative algebras which become isomorphic to the matrix algebra M2(Q̄) over Q̄. By Galois
cohomology, global class field theory and a bit of algebraic K-theory, one can show that for any
even-sized set S of places (which may be a mixture of finite and infinite places) there exists a
unique quaternion algebra ramifying precisely at places in S. Also since the automorphism group
of the matrix algebra is PGL2, the multiplicative groups of quaternion algebras are precisely the
inner forms of GL2.
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could also set s = 0 (there are plenty of quaternion algebras ramifying at every
real place), and get automorphic forms which are just functions on a finite set.

It is worth noting here for the reader’s convenience that the multiplicative groups
of quaternion algebras are precisely the inner forms of GL2/F . In particular if D
is not split (equal to M2(F )), G′ is a nontrivial inner form of GL2, hence not
quasi-split, and since the only parabolic subgroups here are Borels, we deduce
that G′ is anisotropic (has no parabolic subgroups defined over F ). In particular,
every automorphic representation is cuspidal (the cuspidality condition is empty),
and (by “reduction theory” for symmetric spaces) our symmetric spaces are all
compact.

3.2. The Jacquet-Langlands correspondence. One might ask what the au-
tomorphic representations attached to ramified quaternion algebras look like, and
whether there is a way to relate them to modular forms.

Example 3.1. Take F = Q and D the quaternion algebra ramified at ∞ and
11. Then one can prove that the symmetric space associated to K = K0 maximal
compact is precisely a two point space, so the space of level 1 automorphic forms
is a two dimensional vector space. Furthermore, one can interpret this space as a
space of supersingular elliptic curves over F̄11 and by so doing compute the action
of the Hecke operators for p 6= 11, obtaining the simultaneous diagonalisation

Tp =

(
p+ 1 0

0 ap

)
where the ap are the Hecke eigenvalues of the (unique) level Γ0(11) weight 2 new-
form

f(q) = q
∏

(1− qn)2(1− q11n)2.

It is also fun to observe in passing that this eigenform has q-expansion congruent
to Ramanujan’s ∆ modulo 11.

We conclude that the automorphic (automatically cuspidal) representations of
D∗ with trivial conductor are precisely the trivial representation and a representa-
tion which at all finite places away from 11 agrees with the unique cuspidal repre-
sentation of GL2 of weight 2 and level Γ0(11).

The above example seems to suggest there might be a tight relationship between
(Hilbert) modular forms, and automorphic forms attached to quaternion algebras,
with the primes at which the quaternion algebra is allowed to ramify playing some
kind of role. Indeed, this is the main theorem of Jacquet and Langlands.

Firstly, we need to discuss a technical condition that turns out to be precisely
the restriction on behaviour of a representation of GL2 at ramified primes. Let
Fv be a local field, G reductive over Fv, and suppose V is a smooth irreducible
admissible representation of G(Fv). A matrix coefficient (v, φ) is an element v
of V together with a linear form φ on V , and gives rise to a smooth function
g 7→ φ(g(v)) on G(Fv). We say that V as a representation is square integrable
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if (it has unitary central character and) it admits a matrix coefficient that is
square-integrable modulo centre. A representation is essentially square integrable
if it is a twist of a square-integrable representation by a character. In fact one
can show that for an archimedean local field the infinite dimensional essentially
square-integrable representations are precisely the discrete series representations,
and for a non-archimedean local field, the twists of Steinberg and the supercuspidal
representations (i.e. “not principal series”).

Theorem 3.1 (Local Jacquet-Langlands Correspondence). Let Fv 6= C be a local
field, and take G = GL2, G′ the group of units of the unique nonsplit quaternion
algebra over Fv. Then there is a natural one to one correspondence JL = JLv be-
tween the essentially square integrable representations of G(Fv) and G′(Fv), which
preserves L-factors and ε-factors.7

In the case Fv = R, Hamilton’s quaternions give a group H∗ ∼= GU(2) which
is compact modulo centre, so all its smooth irreducible representations are finite-
dimensional, and we have the discrete series representation of lowest weight k + 2
corresponding to the kth symmetric power of the standard 2-dimensional repre-
sentation of GU(2).

Armed with this local correspondence, we can also construct a global correspon-
dence. Indeed, suppose we have a quaternion algebraD over F and an automorphic
representation π = ⊗vπv of GL2 over F which is square-integrable at all places
where D ramifies. We could certainly form a smooth admissible irreducible rep-
resentation JL(π) = ⊗vJLv(πv) of G′ = D∗, where at places v where D splits
we define JLv to not do anything. Of course, we then need to check that this
representation is in fact automorphic. To do this we need to perform a simple
application of the trace formula, which I may write an appendix on at some point
(and which gives us multiplicity one for inner forms of GL2 as a nice by-product).

Theorem 3.2 (Global Jacquet-Langlands Correspondence). Let F be a number
field, and D a quaternion algebra over it. Then there is a natural bijective cor-
respondence JL between cuspidal representations of GL2/F which are essentially
square integrable at all primes where D ramifies, and cuspidal representations of
D∗. This correspondence is trivial at places where D splits, and agrees with lo-
cal Jacquet-Langlands at each place where D ramifies. In particular it preserves
L-functions and ε-factors.

In particular, notice that if we wish to study Hilbert modular forms, it is entirely
reasonable instead to study automorphic forms on an appropriate quaternion alge-
bra. For us, interested in extracting a Galois representation, it will turn out to be

7I don’t yet have a reference for the compatibility of L and ε factors, and most sources seem to
characterise the Jacquet-Langlands correspondence in terms of Harish-Chandra’s trace characters
on the Hecke algebra, which I assume implies equality of L and ε factors. If anyone knows a
decent reference (or that my claim is false) I would be glad to hear.
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most convenient to study the geometry of Shimura curves : the symmetric spaces
on which one finds automorphic forms attached to a quaternion algebra which
splits at a single infinite place. If the degree [F : Q] is odd, there is a very con-
venient choice of quaternion algebra, namely one that splits at a single real place
and ramifies at all the others, but at no finite places. Under Jacquet-Langlands a
Hilbert modular form is then sent to an automorphic form with precisely the same
data at all finite places. Note that in some sense this is exactly what we did in the
case F = Q (where such an object is the split quaternion algebra). However, if the
degree [F : Q] is even, extra bookkeeping is required to keep track of behaviour
at finite primes which are now forced to ramify, and in certain cases the method
we use just cannot be made to work (for example if our Hilbert modular form is
principal series at every finite prime). We may discuss this phenomenon later if
there is time, but in the meantime, for the next two lectures, we shall develop
an arithmetic-geometric theory of these Shimura curves and construct our Galois
representations at least in the nice cases.

It should at this point be recorded that Yihang gave an heroic 90 minute
post-talk talk where following Badulescu’s notes8 he sketched a proof of the lo-
cal Jacquet-Langlands correspondence via a transfer of orbital integrals and the
simple form of the trace formula due to Deligne and Kazhdan, which the present
author was too lazy to write notes for (but Yihang himself has produced notes
which were circulated to the seminar and I’m sure he would be willing to send you
on request). It should also be recorded that it seems Jacquet-Langlands type cor-
respondences are now known for GLn both locally and globally (and it seems the
gap between local and global is rather larger in the general setting), in particular
noting another paper of Badulescu9, which I get the impression makes vital use of
the apparently much more difficult trace formula of Arthur and Clozel.

3.3. Appendix: The cohomology of the Hilbert modular variety.

3.4. Appendix: From Local to Global Jacquet-Langlands via the Trace
Formula.

4. Shimura Varieties and Galois Representations

Now one part of the stage is set: we have a lovely family of automorphic forms,
the Hilbert modular forms, and we see that they are in some sense relatively mobile
amongst the inner forms of GL2(F ). However, our ultimate goal is to construct
Galois representations, and the only machine really available for doing such things
is to take the étale cohomology of an algebraic variety over F . If we could make
our symmetric spaces (the spaces on which our automorphic forms were functions)
into algebraic varieties, these would be obvious candidates for such a procedure.
In our case and several other special cases (where the infinite component can be

8http://wwwmathlabo.univ-poitiers.fr/ badulesc/pub/JLtata1.pdf
9http://wwwmathlabo.univ-poitiers.fr/ badulesc/pub/jl12.pdf
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given the structure of a symmetric Hermitian domain) this is possible, and the
resulting objects are called Shimura varieties. In this section we give a whistlestop
tour of general Shimura varieties (readers who wish to learn more about this vast
and interesting subject should consult the 1971 and 1979 papers of Deligne), before
focusing on the Shimura curves which are of greatest importance in the theory of
Hilbert modular forms.

4.1. Shimura varieties as complex algebraic varieties. Let G be a reductive
group over Q. Deligne’s S-group is defined to be the algebraic group over R which
is Tannaka dual to the category of finite-dimensional R-Hodge structures. Con-
cretely, it is the torus given by Weil restricting C∗ from C to R, and in particular
SC ∼= C∗ × C∗. It also often is helpful to think of it as the set of matrices of form(
a −b
b a

)
in GL2(R).

What this means in practice is that to give an R-morphism h : S → GL(V )
is precisely to give the datum of a real Hodge structure on V : that is to say, a
bigradation of VC such that complex conjugation exchanges Hpq and Hqp. More
generally a map S→ GR can be seen as a compatible assignment of Hodge struc-
tures to all representations of G. We now define a Shimura datum to be such a
map h : S→ GR satisfying some conditions which force these Hodge structures to
be particularly nice. The logic of doing this is we will then consider the conjugacy
class X of h in HomR(S, GR), and this will be precisely the symmetric hermitian
domain at infinity in our symmetric space.

Firstly, we want the weight filtration Fw =
⊕

p+q≤wH
pq to be invariant under

conjugation. To ensure this we insist that R∗ ⊂ C∗ = S(R) has image landing in
the centre of GR.

We would also like X to be a variation of Hodge structures. That is to say,
we shall fix a complex structure on X and demand that for any representation
G → GL(V ), if we form the trivial complex local system V × X over X with the
Hodge structure above each point h given by composing h with the representation,
this Hodge structure varies holomorphically with h. Griffiths (presumably) showed
that it this is equivalent to a condition called “Griffiths tranversality” which forces
the covariant derivative of any section in one piece of the filtration to land at most
one weight lower in the Hodge filtration. To guarantee this, the correct condition
is to assume that the only weights of h occuring in the adjoint action of G on its
Lie algebra hC : SC → GC → GL(gC) are (−1, 1), (0, 0), (1,−1).

Finally, there are lots of Hodge structures out there, but any Hodge structure
arising from a motive (e.g. a real cohomology group of an algebraic variety with
its Hodge structure coming from Hodge theory, the tangent space of an abelian
variety with its complex structure) must admit a polarisation. Restricting Hodge
structures to polarisable Hodge structures has many benefits (for example, it’s a
semisimple category), and we will gain from our Shimura varieties having moduli
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interpretations arising from the relevent Hodge structures actually arising from
algebraic varieties. We therefore impose a condition on h that forces its Hodge
structure to be polarisable, namely that conjugation by h(i) should define a Cartan
involution on Gad(R). See section 1.1 of Deligne’s Corvallis paper for more details
on this.

Given a Shimura datum h, it determines a unique G(R)-conjugacy class X of
such functions, and it turns out that X is a symmetric Hermitian domain (a Her-
mitian complex manifold with a nice symmetry about each point and which is
noncompact: like the upper half-plane). There is also an obvious transitive action
of G(R) by conjugation on X, so letting K∞ ⊃ Z(R) denote the stabiliser of a
point, we may identify

X ∼= G(R)/K∞.

Example 4.1. Take G = GL2, and h(x + iy) =

(
x −y
y x

)
. This is a Shimura

datum, and the stabiliser of h is visibly the image of h itself, which works out
as being C∗ = SO(2).R∗, so we deduce that X is two copies of (one for ”positive
determinant” and one for ”negative determinant”)

Isom+(R2,C)/C∗

which we may identify with the upper half plane via z 7→ ((e1, e2) 7→ (1, z)).

Why are symmetric Hermitian domains so cool? I think the reason is that
since they parameterise Hodge structures in a suitably holomorphic way, they can
be holomorphically embedded in flag varieties in a way that admits a natural
compactifiaction, and in this way they can be seen to be quasi-projective algebraic
varieties. In any case, we have the following theorem of Baily-Borel:

Theorem 4.1 (Baily-Borel Theorem). Let X be a symmetric Hermitian domain
with an action of some algebraic group G, and Γ a torsion-free arithmetic sub-
group10. Then Γ\X has a natural embedding as a quasiprojective variety.

So these kinds of quotient can be written down using equations. Awesome!
Now, remember when we were going from modular forms to automorphic forms,
we realised congruence subgroups in terms of adelic quotients. We will do a similar
thing here, relating the objects generated in the Baily-Borel theorem to adelic
quotients associated to G. Namely we have the following:

Proposition 4.2. Let G be a reductive group over Q, and X a Shimura datum.
Fix an open compact K ⊂ G(Af ) such that each Γg = gKg−1 ∩ G(Q) is torsion
free. Then

G(Q)\X×G(Af )/K ∼=
∐

G(Q)gK

Γg\X.

10An arithmetic subgroup Γ of G is one such that, for some (equivalently, any) embedding
G ⊂ GLn, both G(Q) ∩GLn(Z) and Γ contain their intersection as a subgroup of finite index.
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Proof. The map from right to left is given by mapping xg 7→ (x, g). This is
evidently well-defined, surjective and injective. �

The upshot is that the thing on the left hand side is an algebraic variety, called
the Shimura variety ShK(G,X). It is also often useful to consider an inverse limit
of such things over all (sufficiently small) open compact subgroups K, and define
the “Shimura variety” Sh(G,X) to be the pro-variety thus obtained, which carries
a natural right action of G(Af ). When such a K is chosen, as in the theory of
automorphic forms, we might describe it as a “level.” To some extent this agrees
with classical terminology: for example, in the Shimura datum for GL2 discussed
above, taking K to be those matrices which are upper triangular modulo N we
get ShK(G,X) equal to the (uncompactified) modular curve of level Γ0(N).

We should also note that special cases like the one just considered can be decep-
tive in that for arbitrary level the Shimura varieties need not be connected. Indeed,
the formula we wrote down above suggests strongly that the connected components
should be roughly indexed by the double coset space G(Q)\G(Af )/K. Since X
itself may have multiple components this is not quite right. Indeed the connected
component of X can be identified with the orbit corresponding to the identity com-
ponent of Gad(R). We thus let G(R)+ denote the inverse image of this component
under G→ Gad, and G(Q)+ the intersection of this with G(Q). One may then let
X+ be a connected component of X and check (using ‘real approximation’: that
rational points of reductive groups are dense in real points) that

G(Q)\X×G(Af )/K ∼= G(Q)+\X+ ×G(Af )/K ∼=
∐

G(Q)+gK

Γg\X+.

In particular we see that π0(ShK(G,X)) = G(Q)+\G(Af )/K.
Now, recall the fundamental exact sequence

0→ Gder → G
v→ T → 0.

The strong approximation theorem says that if Gder is simply connected and has
no factors of compact type, Gder(Q) is actually dense in Gder(Af ). One also has
for Gder simply connected that Gder(R) is connected. Putting these facts together
we see that the image of the obvious map Gder(Af )→ G(Q)+\X+×G(Af )/K lies
in a single connected component. We thus recover a nice description of the set of
connected components:

Proposition 4.3. Assume Gder is simply connected of with no compact simple
factors. Then the set of connected components is given by

π0(ShK) = v(G(Q)+)\T (Af )/v(K).

In particular it has a natural abelian group structure (and for T = F ∗ can be
identified with a class group of F , somewhat suggestively). We also see that the
set of connected components of the whole of Sh(G,X) will generally be a profinite
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set. We should note in passing that in Deligne’s Corvallis paper he gives a (less
explicit) method for analysing the set of connected components in cases where the
derived subgroup of G fails to be simply connected.

4.2. Shimura varieties as schemes over number fields. So far we have de-
fined some special symmetric spaces that admit realisations as algebraic varieties.
Could the equations used to write these things down possibly have coefficients
over a number field? This will be a vital next step if we want to construct Galois
representations. Curiously, we will use the idele class groups appearing to “plug
ourselves into class field theory” as a starting point, from which we will be able
to define a canonical model to be a model for our Shimura variety over a number
field which is compatible with class field theory. It turns out that because there
are lots of ‘special’ (think CM) points in any Shimura variety, being a canonical
model is a very rigid property (in particular, if they exist they are unique).

Let us start by thinking about the Shimura variety associated to a torus T . Of
course here the symmetric Hermitian domain will just be a single point h : S→ TR.

[TODO: Finish writing notes on canonical models of Shimura varieties]

4.3. The Cohomology of a Shimura Curve.

4.4. Lie Algebra Cohomology and Dimension Computation.

5. Eichler-Shimura for Shimura Curves

We are studying Shimura curves M , which are the Shimura varieties associated
to G = B∗ where B is a quaternion algebra over a totally real field F splitting
at precisely one real place. Most of the time our study will be centred around a
particular prime p where B splits. We adopt Carayol’s notation, letting Mn,H be
the curve at level KnH where Kn ⊂ GL2(Fp) is the group of matrices congruent
to the identity modulo pn and H some level away from n, and letting Mn be the
limit over all H, M the limit over all n,H.

Previously we saw that the cohomology of a Shimura curve decomposes as a
G(Af )×GF representation:

H1(M,F) =
⊕
π

πf ⊗ σ(π),

where π ranges over automorphic representations of G = B∗. By comparing this
to a de Rham cohomology group which could be explicitly computed using Lie
algebra cohomology, we saw that for a π having a particular infinity type π∞
(fixed by the choice of F) the representations σ(π) were 2-dimensional, and that
for all other π they were zero dimensional.

In this section we aim to prove that σ(π) is the representation predicted by the
Langlands correspondence. Namely, it must have the property that at almost all
primes v its restriction (as a Galois representation) to the decomposition group
at v is the local representation σ(πv) predicted by local Langlands. Since almost
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all primes are unramified, it suffices to do this case, where local Langlands (with
Hecke’s normalisation) predicts the following result.

Theorem 5.1. Let π be an automorphic representation of G, and σ(π) the rep-
resentation constructed above. Let v be a place where B splits, and where πv ∼=
Ind(ξ1, ξ2)11 for ξ1, ξ2 unramified characters.

Then σ(π) is unramified at v and identifying F ∗p
∼= W ab

Fp
by the local Artin map

sending a uniformiser to geometric Frobenius, we get:

σ(π) ∼= | − |−1/2(ξ−1
1 ⊕ ξ−1

2 ).

Note in particular that combining this theorem with Jacquet-Langlands we have
finally constructed the Galois representations “associated to” Hilbert modular
forms, generalising the first lecture to totally real fields. One application of this is
that in the parallel weight 2 case we now have a good picture of what it means for
an elliptic curve over a totally real field to be “modular,” and such curves will have
nice L-functions and so on. I believe that our method is to some extent necessary
to make this definition, since the theory of newforms breaks down for nonsplit
G, and consequently extracting modular curves directly from the Jacobian of a
Shimura curve is not possible (at least in all cases).

The strategy of our proof is to work entirely over the special fibre of our Shimura
curve at p = pv (since everything in sight is unramified, all the information we
are interested in can be found there). The Shimura curve Mn,H has as its special
fibre a union of smooth curves corresponding to rank 1 submodules of (p−n/Op)

2

all of which intersect at a certain collection of ‘supersingular points’. Taking
the normalisation separates out the supersingular points, and the representation
we are studying lives in the cohomology of the normalisation. By juggling with
connected components of this disjoint union of some things, we manage to tease
out the characters ξi from Ind(ξ1, ξ2), subject to a ‘congruence formula’ forcing
the adelic and Galois actions to line up on each connected component.

Of course it then remains to prove the congruence formula. This is achieved
by canonically identifying the connected component of M with the connected
component of a different Shimura curve M ′ which is of PEL type: namely it admits
a moduli-interpretation. We can then check the congruence formula directly by
studying the adelic and Galois actions on the moduli problem.

All the arguments below are distilled from Carayol’s two 80s papers on bad
reduction of Shimura curves and on Galois representations attached to Hilbert
modular forms. In these papers he carries out a more detailed analysis of vanishing

11We always agree that Ind(ξ1, ξ2) is “unitary induction”: it is the representation of GL2(Fp)
given by two characters ξ1, ξ2 : F ∗p → C∗ according to the recipe

Ind(ξ1, ξ2) = {f : G(Fp)→ C∗ : f(

(
a b
0 d

)
g) = |a|1/2|d|−1/2ξ1(a)ξ2(d)f(g)}.
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cycles and behaviour at supersingular points of the special fibre to check local-
global compatibility at the bad places also. By following Carayol I suspect our
arguments are longer than they need to be, but the flip side is by using these
rather than earlier papers (I believe at least Shimura and Ohta wrote down earlier
proofs of our theorem) anyone who ends up being also interested in studying the
arguments for bad places will hopefully have an easier time.

5.1. The combinatorics and cohomology of the special fibre. In this para-
graph we deduce the main theorem from the congruence formula, by unpacking
various cohomology groups and studying the combinatorics of components of the
normalisation of the special fibre.

Firstly, let us think about the tower Mn,H . Note that Mn,H → M0,H has an
obvious right action of GL2(Op/p

n), and so we can define a p-divisible group

En,H = (Mn,H × (p−n/Op)
2)/GL2(Op/p

n)→M0,H .

We might then reverse this definition, and it’s easy to unravel the definitions and
see that for any M0,H-scheme S,

Mn,H(S) = IsomM0,H
((p−n/Op)

2
S, En,H ×M0,H

S).

Since the En,H is étale (the base has characteristic zero), the word ‘Isom’ could
be replaced with the word ‘Drin’, meaning the set of all maps (p−n/Op)

2
S →

En,H ×M0,H
S such that the scheme generated by taking all products of the ideal

sheaves cutting out the images of all points on the left hand side is the whole of
En,H ×M0,H

S. Such a datum is called a Drinfeld base, and is important because
of course if we wish to study an integral model (and then a special fibre) of Mn,H ,
En,H will no longer be étale, so of course there will be no isomorphisms and the
above characterisation of Mn,H collapses. It turns out Drinfeld level structures are
precisely the correct notion to use instead. The following is a distillation of some
of the technical results of Carayol’s first paper which we need as inputs.

Proposition 5.2. The schemes M0,H , and En,H admit canonical smooth proper
models M0,H , En,H over Op. Moreover, the schemes Mn,H can then be extended
canonically and represent the functor on M0,H-schemes:

S 7→ {Drinfeld bases of En,H ×M0,H
S}.

We let Mn,H denote the normalisations of these integral models (since we never
have cause to work with the integral models directly).

Let us now think about our Galois representation.
Now, since πK0

p is 1-dimensional, the Galois representation σ(π) on whose inter-

est we are fixed occurs as part of a direct summand πp
f ⊗σ(π) of the G(Ap

f )×GFp-

representation H1(M0 ⊗ Q̄p,F) = H1(M ⊗ Q̄p,F)K0 . By proper smooth base
change, it therefore also occurs canonically in the cohomology H1(M0 ⊗ k̄,F) of
the (smooth) special fibre of M0. At this stage my guess is it would be possible
to take two approaches. The first approach would be to think about the Hecke
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operators acting on this space, and derive the required relation from this, as we
did in the first section for classical modular forms (and so we don’t have to bother
thinking about Drinfeld level structures, etc). In many ways this felt a little unnat-
ural and fiddly (e.g. the unresolved technicality about characteristic polynomials),
and perhaps this is increasingly the case now we are thinking about automorphic
representations rather than modular forms. We shall therefore follow Carayol and

adopt an approach whereby we study the cohomology H = H1( ˆM⊗ k̄,F) of the
normalisation of the entire special fibre. Of course, Carayol is forced to do this to
study behaviour at bad primes, but I think even for our purposes it makes some
aspects of the proof more transparent.

We are trying to tease out the characters ξ1, ξ2 from Ind(ξ1, ξ2). Here is the cru-
cial trick: we shall interpret this parabolic induction geometrically, constructing

subvarieties (in fact, subsets of the set of connected components) of ˆM⊗ k̄ whose
cohomology carries an action of the subgroup P ⊂ GL2(Fp) of upper-triangular

matrices, and whose embeddings into ˆM⊗ k̄ allow us to view H as the correspond-
ing parabolic induction. Then distilling the Galois action on these subvarieties,
we will get the formula required.

How might we define these subvarieties? It is possible to show that the p-
divisible group E∞ ⊗ k̄ = lim←En ⊗ k̄ when restricted to a single point x of the
special fibre of M0 has étale rank either 1 (we say x is ordinary) or 0 (we say x
is supersingular). Recalling the moduli interpretation of M → M0 in terms of
Drinfeld level structures, and thus letting φuniv : (Fp/Op)

2
M → E∞×M0,H

S be the
universal Drinfeld level structure over M, we have for each one-dimensional flag
A : Fp/Op ↪→ (Fp/Op) a canonical subscheme cut out by the equation {φuniv|A =
0} ⊂M⊗ k̄.

Note that such a subscheme automatically includes all the supersingular points,
and that each ordinary point lies in precisely one such scheme (for the particular
flag A sent to zero in its Drinfeld level datum). Given this description of M⊗ k̄,
it is then clear that passing to the normalisation (which just separates out all
the supersingular points), this closed subscheme, which we shall denote (M⊗ k̄)A

embeds as a subset of the connected components of ˆM⊗ k̄. Also if we fix the flag
A to be embedding into the first component, we see that (M⊗ k̄)A is stable under
the subgroup P ⊂ GL2(Fp) of upper triangular matrices.

We now compare the P ×Wk representation HA = H1((M ⊗ k̄)A,F) with the

GL2(Fp) ×Wk representation H = H1( ˆM⊗ k̄,F). Of course, the former embeds
as a direct summand in (the restriction of) the latter. Let π : H → HA be the
resulting projection map.

Now, each class h ∈ H gives rise to a function f : GL2(Fp) → HA defined
by f(g) = π(gh), and since π respects the action of p ∈ P this f will satisfy

f(pg) = pf(g). This describes a map θ : H → ind
GL2(Fp)
P HA.



32 TOM LOVERING

Lemma 5.3. The map θ thus defined is a GL2(Fp)×Wk-isomorphism:

H ∼= ind
GL2(Fp)
P HA.

Proof. The follows immediately from the combinatorics of the connected compo-

nents of ˆM⊗ k̄. More precisely, GL2(Fp) acts transitively on the set of flags A with
stabiliser P . Correspondingly, it transitively permutes the set of disjoint subvari-
eties (M⊗ k̄)A (with A variable) with stabiliser P . That this action is transitive
secures surjectivity, and with stabiliser precisely P secures injectivity. �

Now our hope is that we can find the characters ξ1, ξ2 acting straightforwardly
on the cohomology group HA via the (unramified) Galois action. Here finally we
will need to actually study the fine geometric structure of our spaces rather than
merely shuffling connected components around. We carry out this procedure in
the next section, but the upshot is the following12.

Theorem 5.4 (Congruence Formula). Consider the action of P×Wk on (M⊗k̄)A.

Then all the elements of the form

(
a b
0 1

)
× Frobv(a)

q act trivially.

The upshot of this is that the group P ′ = {(p, Frobv(detp)
q ) ∈ P×Wk} acts on HA

by characters (evaluated on the bottom-right entry of our matrix). We therefore
get a decomposition of G(Ap

f )× P ′-representations:

HA =
⊕
i

ρi ⊗ χi.

Plugging this into lemma 5.313 and re-writing in terms of unitary induction (so
we have to cancel off the normalisation factors by hand), we get the slightly messy
expression

H =
⊕
i

ρi ⊗ Ind(| − |−1/2, | − |1/2χi).

Now untwisting the Galois action, we note that on the ith component, Galois acts
through the character χi.

Recall that we are interested in a summand of H of the form πp
f ⊗ Ind(ξ1, ξ2)⊗

σ(π), where σ(π) = γ1 ⊕ γ2 is two-dimensional unramified. Comparing these
expressions, we see that there must be precisely two (possibly equal) characters
χ1, χ2 in the decomposition with the property that Ind(ξ1, ξ2)γ1

∼= Ind(|−|−1/2, |−
|1/2χ1), and Ind(ξ1, ξ2)γ2

∼= Ind(| − |−1/2, | − |1/2χ2). By the well-known fact that
two principal series are isomorphic iff the sets of two characters generating them

12Frobq is geometric Frobenius.
13I have cheated slightly here, in that now we are acting through P ′ rather than P . Perhaps I

should re-write these notes keeping this intertwining with Galois present throughout the analysis.
For now I hope it is clear to the reader that the proof of Lemma 5.3 works verbatim if we modify
both groups to include twisting by the determinant via the Galois action.
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are equal, we deduce that | − |−1/2 must be equal to at least one of ξ1γ1, ξ2γ1, and
similarly for γ2.

To prove our theorem it will therefore now just suffice to prove the silly annoying
possibility that perhaps (say) γ1 = γ2 = | − |−1/2ξ−1

1 cannot happen (unless the ξi
are equal). We shall not do this here, but refer the interested reader to Carayol’s
paper on Hilbert modular forms. There in chapter 3 he checks that the square of
the determinant of σ(π) must be the square of | − |−1ξ1ξ2 by a Poincare duality
argument (using a line bundle to study twists of our representations by characters),
and at the end of chapter 5 (using the results we have been discussing) he shows
that the annoying possible ±1 we get when we take the square root is in fact 1.

5.2. The Congruence Formula for the Modular Curve. We have therefore
reduced our theorem to the congruence formula, removing the abstract represen-
tation theory component from the question. Now we must supply the requisite
arithmetic geometry. For concreteness, we shall begin by proving the congruence
formula for the modular curve, which illustrates very accurately how the proof
works but with far less baggage to carry around. We then explain how to adapt
this argument to work on an arbitrary Shimura curve. Very roughly, we show that
the elements under consideration act individually on each connected component,
and can then use Deligne’s results on connected components of Shimura varieties
to compare our Shimura curves (which have no moduli interpretation) to a “PEL
type” Shimura variety (one that is a moduli space for abelian varieties equipped
with certain data). We then perform a direct computation on the moduli problem
(which is essentially identical to the case of the modular curve).

Recall that if M/Zp is the modular curve, we have that it represents the functor
associating to each Zp-scheme the set of all triples:

• E → S an elliptic curve,
• k : (Ẑp)2 → T p(E) a level structure away from p,
• φ : (Qp/Zp)2 → Hom(S,E[p∞]) a Drinfeld level structure (i.e. a direct

limit of Drinfeld bases in the obvious sense).

One can check that the p-divisible group E is precisely the p-divisible group
of the universal elliptic curve (so the component (M ⊗ k̄)A corresponds precisely
to the subfunctor φ(A) = 0). It also has a continuous right action of GL2(Af )
coming from its structure as the Shimura variety for GL2(Q), but which can also
be interpreted in terms of the moduli problem. This is seen most clearly (on the
generic fibre where the Drinfeld structure can be replaced by extending the map
k to include a component at p) by replacing the elliptic curve by its isogeny class,
and compensating by expanding the level structure to be an isomorphism out of
A2
f , on which the group GL2(Af ) visibly will act on the right. One can then take

this action, translate it back into the setting of our moduli problem, and get the
following (over the generic fibre).
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Firstly, the rational central elements Q∗ act trivially (in fact this is a general
feature of Shimura varieties). Using this, any element γ ∈ GL2(Af ) can be rescaled

such that γ(Ẑ2) ⊇ Ẑ2. We may also find m ∈ Z such that γ(Ẑ2) ⊆ m−1Ẑ2. We
shall compute the image of a point (E, k) under γ.

This defines a subgroup Λ of the m-torsion: namely that corresponding to
γ(Ẑ2)/Ẑ2 ⊂ m−1Ẑ2/Ẑ2 ∼= E[m] (the last isomorphism coming from the level struc-
ture k and multiplication by m). Then Eγ is simply E/Λ. Also, we can identify

kγ as the unique extension to Ẑ2 of

kγ : γ−1Ẑ2 γ→ Ẑ2 k→ T (E)→ T (E/Λ).

Our problem is on the special fibre, so we will also need to describe the ac-
tion on a Drinfeld level structure, but it’s completely clear how to do this (by
translating the above action from one on an inverse limit to one on an induc-
tive limit). Namely the component γp at p must take a Drinfeld level structure
φ : (Qp/Zp)2 → Hom(S,E[p∞]) to the unique extension of the composite:

φγp = γ−1
p (Qp/Zp)2 γp→ (Qp/Zp)2 φ→ Hom(S,E[p∞])→ Hom(S, (E/Λ)[p∞]).

With this explicit description in place, the congruence formula comes down to a
simple computation of the action of certain elements ofGL2(Qp) (and of Frobenius)
on (M⊗ F̄p)A. Note that since the ordinary locus is dense (being a supersingular
elliptic curve is a closed condition) it will suffice to check the action on an ordinary
point (E, k, φ).

Firstly, recall that the geometric Frobenius Frobp takes our curve E to E(p),
which is the pullback of E along the absolute Frobenius on F̄p and is isogenous to
E via the degree p Frobenius isogeny E → E(p), whose kernel is the connected part
of E[p]. One can also check the level structure one gets is precisely (k, φ) composed
with the maps induced by the Frobenius isogeny (so in fact k remains “the same”).
The congruence formula predicts that certain matrices in B ⊂ GL2(Qp) should act
in a similar way (note that up to trivial relabelling such matrices never really affect
the level structure k: only φ).

Firstly, it predicts that if v(a) = v(b) = 0, γp =

(
a b
0 1

)
should act trivially.

But this is now clear. Such a matrix satisfies γp(p
−n/Zp)2 = (p−n/Zp)2 for all n,

so Λ = 0: E is fixed. Recalling that φ = 0 on the first component, it is also clear
that the Drinfeld level structure is unchanged.

Next, the congruence formula predicts that γp =

(
p−1 0
0 1

)
should act in the

same way as geometric Frobenius.
In this case Λ is the piece of E[p] mapped to by the first component of (p−1/Zp)2

under φ. Again, since φ = 0 on this locus, this is none other than the connected
component of E[p]. Thus we identify E/Λ as precisely E(p), and the action on the
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Drinfeld level structure is merely that induced from the Frobenius isogeny, since
φ = 0 on the first component, and γp only acts nontrivially on the first component.

Finally, we note that we can write any matrix of the form in the statement of
the congruence formula as a product of such matrices:(

apk bpl

0 1

)
=

(
pl 0
0 1

)(
a b
0 1

)(
pk−l 0

0 1

)
.

Thus we have established the congruence formula for a modular curve, in par-
ticular giving an alternative proof of the Eichler-Shimura relation.

5.3. The Congruence Formula for Shimura curves. In this paragraph we
sketch the main ideas of how to adapt the above method to the Shimura curves
attached to quaternion algebras which are our main object of study. For full
details, Carayol’s paper on bad reduction of Shimura curves (in particular sections
7 and 10) is recommended.

The main difference now is that our curves fail to admit an interpretation as
a moduli space of abelian varieties. However, in order to realise our curves as
schemes over F , we noted that their connected components are in fact isomorphic
to connected components of varieties which do admit an interpretation as a moduli
space. In the spirit of Deligne’s Corvallis paper, we noted this in the abstract from
just looking at the groups in play (in particular the derived subgroup). However,
we shall want to go one stage further and actually write down such a (’PEL’)
moduli problem explicitly. Once we have this pinned down, and have noted how
our group actions and p-divisible group relate to the moduli problem, we shall be
able to derive a congruence formula in exactly the same way as in the case of the
modular curve.

To validate this strategy, we should first make the following observation.

Lemma 5.5 (Congruence formula for the set of connected components). Any

element of the form

(
a b
0 1

)
acts in the same way as Frob

−v(a)
q on the set of

connected components of M⊗ k̄.

To prove this, recall that this set of connected components is precisely the
Shimura variety M(T ) = limK F

∗\A∗F,f/K attached to T = F ∗, and the geo-
metric action is that induced via the determinant map. Furthermore, the theory
of canonical models tells us that the determinant map G→ T induces a canonical
map of F -schemes M →M(T ), and that the action of Galois on M(T ) corresponds
to the inverse of the Artin map Gab

F → M(T ). In particular, by the compatibility
of local and global class field theory (and using the inverse of σ = Art(a) to com-
pute the action on the Galois side), we see that the actions of our matrix (via its

determinant) and Frob
−v(a)
q must coincide.

With this in place, if we can identify an appropriate PEL Shimura variety, we
can just carry out our computation there and be happy. Such a datum must come
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from a group having as its derived subgroup the group B∗,1 of norm 1 units of B.
Carayol’s construction of such a ‘unitary group’ goes as follows. Let λ ∈ Q<0 be
such that p is split in Q(

√
λ) and form the CM field E = F (

√
λ). We consider

D∗ := (B ⊗F E)∗, defining a norm on it by b ⊗ z 7→ (N(b)zz̄, z/z̄), and define G′

to be the group of such elements with rational norm. Note that the kernel of this
norm map must have z = z̄ ∈ F and thus consists of norm 1 elements of B∗, so
this group seems to have the minimal required property.

It turns out that this group does indeed give rise to a Shimura variety M ′ over E
(so not quite over F , but since we’re just using it to check local actions at p, which
splits in E/F , this is no problem), and one can show with a reasonable amount
of tedious effort that the curve M ′

n,H (with appropriate level notation) represents
the moduli problem consisting of the following data:

• A→ S an abelian scheme of relative dimension 4d.
• ι : OD → EndS(A) satisfying a condition on the induced traces on the

relative Lie algebra.
• θ a polarisation of A of order prime to p, satisfying a condition identifying

the Rosati involution with some specific involution on D.
• The datum of a level structure at p, which turns out to be an isomorphism

(p−n/Op)
2 → A[pn]21

1 ,

where the object on the right hand side is a height 2 p-divisible subgroup of
that associated to A, cut out canonically by the action ofOD, and recording
the obvious action of a subgroup GL2(Fp) of G′(Af ).
• Some level structure away from p.

Crucially for us, in Carayol’s “fundamental comparison” of the connected com-
ponents of M and M ′, he manages to identify the elements of G appearing in the
congruence formula with elements of G′ acting on the level structure at p described
above, and the height 2 p-divisible group A[pn]21

1 of the universal abelian variety
over M ′

0 with the group En we defined in an ad-hoc fashion on M0.
With all of this in place, all that remains is to tweak the above moduli problem,

replacing the level structure at p with a Drinfeld level structure in the obvious
way, and it is known that such a modification gives an integral model for M ′.
The congruence formula is then checked in exactly the same way as for the mod-
ular curve (though of course one must also convince oneself that our p-divisible
subgroup behaves itself, that the polarisation and endomorphisms also transform
appropriately, etc. etc. but I don’t think any of these extra details are either
difficult or interesting).

5.4. An exceptional case. So we are now done. We have constructed Galois
representations (satisfying local-global compatibility at all good places) for all
automorphic forms on quaternion algebras which split at a single infinite place,
which under Jacquet-Langlands includes most Hilbert modular forms. Recall that
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one can demand that a quaternion algebra ramify at any finite even collection of
places, so if [F : Q] is odd we win, and even if it’s not, provided there is some
finite place where π is not a principal series, we also win. However, in the case
where every finite place is principal series (e.g. all Hilbert modular forms of level
1), if the degree of F is even, we should note that our method fails to give a Galois
representation, and give a vague idea of how to remedy this deficiency.

As with Deligne and Serre’s strategy for constructing Galois representations
attached to weight 1 modular forms by exhibiting congruences with modular forms
of higher weight and patching their Galois representations, Richard Taylor’s article
in the Ann Arbor proceedings (available from Milne’s website) gives a way to
construct the Galois representations in these cases by finding congruences between
π = π(f) and other Hilbert modular forms of higher level. I get the impression
that the basic idea is if you have two modular forms f ≡ g mod λn, and you
already have an integral Galois representation ρ : GF → GL2(Oλ) attached to g,
its reduction mod λn is the same as the reduction mod λn of any hypothetical
Galois representation attached to f . Finally, if one can construct a sequence of
such g such that n gets arbitrarily large, one can take an inverse limit of the
representations obtained and win. Unfortunately, things don’t work out quite as
simply as this, and it seems some serious technical trickery is needed to make the
argument work, but Taylor’s article is relatively short and might be worth reading
properly at some point.

I would also guess this case might be included in the general theorem of Clozel
we will eventually hopefully prove, so maybe it can be found in the cohomology
of a unitary Shimura variety in some more indirect way than simply the Jacquet-
Langlands correspondence for GL2.

5.5. Appendix: Good reduction of Shimura curves.

6. The Langlands-Kottwitz Method for the Modular Curve

In this section we give our third proof of the automorphy of the L-function of
the modular curve, to illustrate the general method that will eventually give us
Galois representations for a large class of cuspidal representations of GLn. Both
our previous proofs of Eichler-Shimura made use of detailed geometric arguments.
Here we adopt a more ‘hands off’ representation theoretic approach, taking (on
the face of it) as our geometric input simply the number of mod p points on our
Shimura varieties.

We are trying to describe the characteristic polynomial of Frobenius on a coho-
mology group in terms of the traces of Hecke operators on certain cuspidal rep-
resentations. The strategy is to use the Grothendieck-Lefschetz trace formula to
write traces of powers of Frobenius in terms of some combinatorial data (obtained
by counting mod p points on Shimura varieties, using their moduli interpretation
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and facts about abelian varieties over a finite field). We then use the Arthur-
Selberg trace formula to write traces of Hecke operators on spaces of automorphic
forms in terms of other combinatorial data (some orbital integrals over conjugacy
classes of our reductive group). Now we have two expressions living in the world
of orbital integrals which we must check are equal, and we will manage to achieve
this in our case using some facts about unramified base change.

Our main reference is the 2010 paper of Scholze on this topic, but he does far
more there than we do here (what we do is all far more classical).

6.1. Counting points on the modular curve. Let m ≥ 3 and K = Km ⊆
GL2(Ẑ) the kernel of reduction mod m, so that the modular curve X = XK =
X(m) exists and is a fine moduli space. We let Y = Y (m) denote the usual open
locus parameterising elliptic curves with level m structure. Our aim in this chapter
is to prove the following (which of course we have shown at least twice already in
this seminar). We will also need an auxiliary prime l.

Theorem 6.1 (“The modular curve is automorphic”). Let p 6 |Nl. Then we have
an equality of local L-factors

ζp(X, s) =
∏
π

Lp(π, s−
1

2
)επ dimπKf ,

where the product ranges over all cuspidal representations of GL2 with trivial cen-
tral and infinitessimal character and

επ =

{
+1 if π∞ a character,

−1 if π∞ discrete series of lowest weight 2.

In this paragraph we focus on getting a combinatorial expression for the left
hand side. Firstly it is natural to take logarithms, using the identity

log ζp(X, s) =
∑

r≥1,i≥0

(−1)iTr(Frobrp|H i(X,Ql))
q−rs

r
.

By the Grothendieck-Lefschetz trace formula, the alternating sum of traces of
Frobenius on cohomology is equal to the actual number of fixed points of Frobenius
on X, which is precisely X(Fp), and so on, so our expression becomes

log ζp(X, s) =
∑
r≥1

|X(Fpr)|
q−rs

r
.

Let q = pr. We are led to try counting points on X(Fq) and hopefully obtain
some kind of explicit combinatorial expression. Recall that an Fq-point of X is
an elliptic curve over Fq together with a basis φ for its m-torsion defined over Fq.
How might one go about counting such objects?
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One natural way to break the problem down is to count each Fq-isogeny class
separately. I.e. fix E0/Fq, and let X(Fq)(E0) be the set of all Fq-points (E, φ)
with E isogenous to E0. This allows us to study the problem purely in terms of
linear algebra invariants attached to E0, and then take a sum over isogeny classes
(which are well-understood by Honda-Tate theory: see below).

The most obvious algebraic invariants are of courseHp := H1
et(E0,Ap

f ), andHp =

H1
cris(E0/Zq)⊗Qq. If f : E0 → E is an isogeny, it defines lattices f ∗H1

et(E, Ẑp) ⊂
Hp and f ∗H1

cris(E,Zq) ⊂ Hp, which are invariant under Frobrp and crystalline F, V
respectively. We now prove that these invariants are enough to count points.

Lemma 6.2. Let Y p be the set of all Frobrp-stable sublattices L of Hp together with

an isomorphism φ : (Z/mZ)2 → L⊗Z/mZ, and let Yp be the set of all F, V -stable
sublattices of Hp. Let Γ = (End(E0) ⊗ Q)∗. Then the procedure outlined above
gives a bijection

X(Fq)(E0)
∼=→ Γ\Y p × Yp.

Proof. Our map is well-defined because End(E)⊗Q depends only on the isogeny
class of E. The key point to show it’s a bijection is that by the theories of Tate and
Dieudonné modules, any such pair of lattices determines a unique finite Fq group
subscheme of E0, which is the kernel of an isogeny E0 → E that is determined
uniquely up to an automorphism of E. From this fact, surjectivity of the map is
immediate, and it is not hard to check injectivity.

Indeed, let f : E0 → E, g : E0 → E ′ be two isogenies. If they give rise to data
which are Γ-conjugate, there exist M,N integers and h an endoisogeny such that
Mf and hNg give rise to exactly the same data (so by our fact above, the same
Fq-rational point). But M and hN are both endomorphisms, so E ∼= E ′ and one
may check that the level structure is also affected compatibly. This shows our map
is injective. �

We now rewrite this in terms of an orbital integral, which will allow us to compare
it with the geometric side of the Arthur-Selberg trace formula. An interesting
technicality arises naturally in the expression obtained at the prime p.

Note that to give an element of Y p is in particular to give a basis of our lattice up
to a change of basis fixing the level structure. In other words, it is (after choosing
a basis for Hp to give an element g ∈ GL2(Ap)/Kp. Furthermore, if we let γ be the
matrix corresponding to the endomorphism Frobrp, Galois-invariance of the lattice
is precisely saying that γg ∈ gKp. It follows that if we let fp denote the indicator
function of Kp divided by the volume of Kp,

|Γ\Y p| =
∫
g∈Γ\GL2(Ap)

fp(g−1γg).

We can obtain a similar expression for |Γ\Yp| except now an interesting Hecke
operator and a twist appear in the mix. Let σ generate the Galois group of
Qq/Qp and we fix a σ-stable basis for Hp. Noting that crystalline Frobenius is
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σ-semilinear, we can thus write it (acting on Hp with chosen basis) as δσ where
δ ∈ GL2(Qq) is an honest matrix. As above, to give a lattice Λ is to give an
element g ∈ GL2(Qq)/Kp. Now we must express the fact that F (Λ) ⊂ Λ, where
F is no longer invertible, so let Mp = M2(Zq) be the algebra of integer matrices,
and the condition becomes δσg(= Fg) ∈ gMp, or equivalently g−1δσ(g) ∈Mp.

Moreover, the Weil pairing identifies the second exterior power of Hp with
Qq(−1), so that det(δ) is the crystalline Frobenius acting on Qq(−1), namely
p. Thanks to John Binder for the pointing out to me the following fact.

Lemma 6.3 (Cartan Decomposition). For F a nonarchimedean local field, GLn(F )
can be written as the disjoint union of its double cosets

GLn(F ) =
∐

n1≥n2≥...≥nn

GLn(OF )Diag($n1 , ..., $nn)GLn(OF ).

Proof. We shall prove this for n = 2, where it is simple linear algebra.
Noting that permutation matrices are in GL2(OF ), we may apply row and col-

umn operations and replace an arbitrary element of GL2(F ) by

(
a b
c d

)
where

|a| ≥ |b|, |c|, |d|.
Then observe that (where the outer matrices both lie in GL2(OF ))(

1 0
−c/a 1

)(
a b
c d

)(
1 −b/a
0 1

)
=

(
a 0
0 d

)
.

Finally, we can multiply by a diagonal element of GL2(OF ) and perhaps also a
permutation matrix to put this into the desired form. �

We deduce that g−1δσ(g) must live in the double coset Kp

(
p 0
0 1

)
Kp, since it

is an integer matrix of determinant p.
Let φp be the indicator function of this double coset (and note that this is not far

off the classical Tp operator). We can obtain a similar orbital integral to that for
Y p. Finally, putting both together with the action of Γ, we deduce the following.

Proposition 6.4.

|X(Fq)(E0)| =
∫

Γ\G(Apf )×G(Qq)
fp(g−1γg)φp(h

−1δσ(h))dgdh.

At the moment this still looks like an ugly expression that isn’t obviously at all
helpful. We must therefore digress and discuss the Arthur-Selberg trace formula,
where expressions like this occur most naturally.

6.2. Arthur-Selberg Trace Formula. In this section we merely state the version
of the Arthur-Selberg trace formula we will need to establish our main theorem,
and explain why it is exactly what we need. The paper of Arthur “The L2-Lefschetz
numbers of Hecke operators” is the obvious starting point for the reader wishing to
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learn more (possibly together with Scholze’s translation of Arthur’s formula into
the form we use here directly copied from his paper).

Arthur considers the L2-cohomology groups H i
(2) of locally symmetric spaces,

which we should view as analytic cousins of lim→mH
i(X(m)(C),C). In particular,

they carry an action of GL2(Af ), and more generally of the infinite Hecke algebra
C∞c (GL2(Af )), Any element h ∈ C∞c (GL2(Af )) induces a finite rank operator on
H i

(2), so it is meaningful to study the Lefschetz trace

L(h) =
2∑
i=0

(−1)iTr(h|H i
(2)).

What makes this an interesting invariant is the following spectral decomposition,
which follows from calculations of (g, K∞)-cohomology groups, similar to those in
chapter 4. One might describe this as the “spectral side” of the trace formula.

Proposition 6.5 (Spectral side of the trace formula). For all h ∈ C∞c (GL2(Af )),
we have the formula

L(h) = 2
∑
π

επTr(h|πf ),

where π ranges over all representations in the discrete spectrum with π∞ equal
to the trivial or sign characters (where επ = 1) or with π∞ equal to the discrete
series representation of lowest weight 2 (where επ = −1).

The right hand side of this expression resembles the right hand side of the
expression in theorem 6.1, and indeed this is why we need it. We state the result
we need as follows (which is essentially just unravelling the definition of the local
L-factors at primes p not dividing the level14).

Lemma 6.6. Let hr = fpfp,r where fp is the indicator function of Kp divided by
its volume, and fp is the element zr1 + zr2 in the spherical Hecke algebra at p after
identifying H(GL2(Qp) : GL2(Zp)) with C[z±1 , z

±
2 ]S2 under the Satake isomorphism.

Then for any cuspidal representation π unramified at p, the local L-factor Lp(π, s−
1
2
) is given by the formula

(dimπKf ) logLp(π, s−
1

2
) =

∑
r≥1

Tr(hr|πf )
p−rs

r
.

This granted, the automorphic side of our theorem is reduced to the study of
the numbers L(hr). The real content of the trace formula is that these numbers
also admit an expression in terms of orbital integrals. We take a deep breath, and
state the following theorem

14(TODO: Do some more work and delete this) The author must confess he hasn’t ever directly
checked the following statement, but rather deduced that it has to be true by reverse-engineering
his argument. It should therefore probably be viewed with extreme suspicion.
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Theorem 6.7 (Geometric side of the trace formula, with many terms suppressed).
For all h ∈ C∞c (GL2(Af )), we have the formula

L(h) = 2
∑
γ

Vol(Gγ(Q)\Gγ(Af ))

∫
Gγ(Af )\GL2(Af )

h(g−1γg)dg + (other terms),

where γ runs over all semisimple conjugacy classes of GL2(Q) which become
elliptic over R (the characteristic polynomial has non-real eigenvalues), Gγ is the
centraliser of γ, and G denotes an inner form of G anisotropic mod centre over
R.

We should probably make excuses for suppressing the other terms (which can
be found in theorem 12.1 of Scholze’s paper). There he has three other groups of
terms, one of which comes from elements of the centre and will vanish, and two of
which come from parabolic subgroups of GL2 and will be an elaborate expression
for the number of cusps. The latter are of course significant for us, as they allow
us to also neglect the contribution from the cusps on the Galois side. However, we
do not wish to be distracted by these details in this account.

The kinds of integrals turning up in such expressions will be so common it will
help to have some shorthand notation for them. If G is a reductive group over Q,
γ a semisimple conjugacy class, and f a compactly supported function on G(Af ),
we define the orbital integral of f with respect to γ

Oγ(f) :=

∫
Gγ(Af )\G(Af )

f(g−1γg)dg.

6.3. Comparison of orbital integrals. In this section we try to interpret the
terms given by proposition 6.4 as orbital integrals occurring in theorem 6.7, and
will be able to conclude the following (which of course directly implies theorem
6.1).

Theorem 6.8 (Comparison of the Lefschetz and Arthur-Selberg trace formulae).
Let hr be as in the previous section. We have an equality

|Y (Fpr)| =
1

2
L(hr).

We need the following inputs from the classical theory of abelian varieties over
finite fields.

Fact 6.9. (1) (“Weil conjectures” for elliptic curves, étale and crystalline co-
homology) Let E/Fq be an elliptic curve. Then Frobq acts on l-adic co-
homology through a semisimple element γE ∈ GL2(Q), which is indepen-
dent of the prime l 6= p. Furthermore, if crystalline Frobenius acts on the
crystalline cohomology by δσ, then Nδ is also semisimple with the same
characteristic polynomial as γE.
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(2) (Honda Tate Theory) The map E 7→ γE gives a bijection between Fq-isogeny
classes of elliptic curve over Fq and semisimple conjugacy classes [γ] of
GL2(Q) that are elliptic over R, and have the properties Tr(γ) ∈ Z and
Det(γ) = q.

(3) (“Tate’s theorem”) The group End(E)⊗Q is an inner form of Gγ, becoming
isomorphic to Gγ over each Ql for l 6= p, twisted into the group Gδσ = {h ∈
GL2(Qr

p)|h−1δσ(h) = δ} over Qp, and anisotropic modulo centre over R.

In particular, these facts imply that each term in Proposition 6.4 is indexed by
a unique semisimple conjugacy class in GL2(Q) which is elliptic over R. But such
things index the terms displayed in Theorem 6.7. We therefore have a natural
proof strategy. We must check that for γ appearing in the image of the Honda-
Tate map, the terms agree, and that for all other γ, the term in the trace formula
is zero. Theorem 6.8 will then be immediate.

Fix γ and δ arising from an isogeny class of elliptic curve E/Fq. We are required
to prove (up to checking constants)

Oγ(hr) =

∫
Γ\G(Apf )×G(Qq)

fp(g−1γg)φp(h
−1δσ(h))dgdh.

We may break up the right hand side into an orbital integral over G(Ap
f ) and a

twisted orbital integral over the local p-adic group GL2(Qq)

TOδσ(φp) =

∫
Γ\GL2(Qq)

φp(h
−1δσ(h))dh.

Equipped with this notation, the problem is now purely local at p, and we are
required to show that TOδσ(φp) = Oγ(fp,r). But this matching of the functions φp
and fp,r is part of Langlands’ unramified base change for GL2.15

Finally, we must check that the terms Oγ(hr) coming from γ with determinant
not equal to q or having non-integer trace vanish. Firstly, if some other prime
appears in the determinant, γ fails to land in Kp so the integral is obviously zero,
and similarly fr will vanish unless the valuation of the determinant is r. Hence if γ
contributes a nonzero term, det γ = ±q and since it is elliptic, the −q case cannot
occur. Finally we must deal with non-integer traces. If some l 6= p appears in the
denominator of the trace, again γ cannot lie in Kp so integrates to zero, and again
one can explicitly compute the orbital integrals of φp to check that the valuation
at p must also be nonnegative.

Putting everything together (up to checking constants) we conclude the equality
in theorem 6.8 and in turn our main theorem 6.1 is proved.

15Actually it is supposed to be one of the less difficult parts of this theory, so perhaps it would
be a good exercise to try to prove it at some point, or at least look up a proof. My guess is
Scholze may actually even do this in section 3 of his paper.
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