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When studying the geometry of manifolds, one has a rich array of tools coming from classical homology
and cohomology theories. In algebraic geometry (done over an arbitrary field, most importantly over fields of
positive characteristic), many of these tools cannot be obviously recovered, even after one has the important
theory of cohomology with coefficients given by quasicoherent sheaves. We would still ideally like to define
cohomology groups Hi(X,Q) or at least some kind of cohomology with constant coefficients. However,
Grothendieck remarked that if X is any irreducible space, a constant sheaf is flabby in the Zariski topology
and so fails to give interesting cohomology. It was therefore necessary to introduce a generalisation of the
notion of ‘open set’, and define étale cohomology. In this talk we compute a simple example which illustrates
many of the differences between étale cohomology and more classical algebraic topology.

Let X be a smooth (irreducible) algebraic variety over some field k (which can be assumed algebraically
closed if necessary). An étale open set of X is a morphism f : U → X which induces isomorphisms of tangent
spaces Tp(U) → Tf(p)(X) at each point p ∈ U . I do not want to go into the details of what this means in
general, but any such f has (Zariski-)open image, is of finite type, unramified, smooth and the dimensions
of U and X will be the same.1 One probably wants to think of these as analogous to local diffeomorphisms.
Note that they generalise ordinary open sets, which are just open immersions U ↪→ X.

We shall aim to compute a version of Čech cohomology, where classical open sets are replaced by étale
open sets. To do this, we need the following definitions. An intersection of two étale open sets f : U → X
and f ′ : U ′ → X is the obvious fibred product U ×X U ′ = {(u, u′) ∈ U × U ′|f(u) = f ′(u′)}. This looks
fairly tame, but it is important to notice how no longer (as in the classical case) do we have U ∩ U = U .
An étale cover U is just a collection of étale open sets whose image is the whole of X. One must be over an
algebraically closed field here (or happy with schemes) to avoid confusion.

So once we have such a cover, we can fix some abelian group Λ of coefficients and compute the Čech
cohomology H∗(U ,Λ) in direct analogy with the classical case. This is still dependent on our choice of cover.
Classically one gets around this by proving a theorem that if every U in the cover is contractible/affine
then the results are independent of the choice of cover. However, another approach is possible: namely to
just take the direct limit over all covers, noting that if one cover refines another (each U ′ ∈ U ′ is contained
inside some U ∈ U) there is a natural map H∗(U ,Λ) → H∗(U ′,Λ). This agrees with classical results since
manifolds locally look like balls, and varieties like affine varieties (so a suitable refinement of an arbitrary
cover gives a ‘well-behaved’ cover at which point the limit stabilises). In the étale case this turns out to be
necessary to get a suitable cover-independent cohomology H∗(X,Λ) = lim→UH

∗(U ,Λ).
So after that preamble, let us try to apply those ideas to an elliptic curve E over any field k which for

simplicity we assume is algebraically closed (but possibly of positive characteristic). We shall figure out what
to choose for Λ later, and note another interesting discrepency with the classical case.

What is an étale open set of E? It’s some f : U → E, and since E is a smooth projective curve, U must
be smooth and we may therefore extend f and assume U projective (use a local parameter to add in the
finitely many ‘missing points’). But now we know that f is surjective and the Riemann-Hurwitz formula
(and the fact f is unramified) implies that the genus of U is 1. What this tells us is that an arbitrary étale
cover of E takes the form of a single open set which is (after choosing an appropriate base point) an isogeny2

1For arbitrary schemes, an étale map is precisely one that is flat and unramified. I don’t find this easy to visualise.
2An isogeny is just a morphism of elliptic curves sending the base point to the base point, with a fancy name to emphasise

that it is also a group homomorphism.
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f : E′ → E of elliptic curves.
We can compute intersections of this with itself fairly easily. Indeed (note + is addition on the elliptic

curve E′),

E′ ×E E′ = {(x, x + q)|q ∈ E′[f ]} (x,x+q)7→(q,x)↔ E′[f ]× E′, 3

E′ ×E E′ ×E E′ = {(x, x + q, x + r)|q, r ∈ E′[f ]} (x,x+q,x+r) 7→(q,r,x)↔ E′[f ]× E′[f ]× E′.

Hence we can compute the Čech complex associated to U = {f : E′ → E}. Let LC(X,Λ) denote locally
constant functions on a space X taking values in Λ. Then the terms we need from the Čech complex are

0→ LC(E′,Λ)→ LC(E′ ×E E′,Λ)→ LC(E′ ×E E′ ×E E′,Λ).

The first map is given by d0f(x, y) = f(x)−f(y) = 0 (since E′ is connected), so we see that H0(U ,Λ) = Λ
in all cases and so in fact the direct limit gives us H0(E,Λ) = Λ.

Now things get more interesting. The second map is

d1f(x, x + p, x + q) = f(x, x + p)− f(x, x + q) + f(x + p, f + q).

Now, f is locally constant on E′ ×E E′, and our above maps show that the connected components of (x, y)
in E′×E E′ are indexed by x−y ∈ E′[f ]. Hence, defining c(p) = f(x, x+p), f is in the kernel of d1 precisely
when c is a group homomorphism E′[f ]→ Λ. So

H1(U ,Λ) = Kerd1 ∼= HomGrp(E′[f ],Λ).

What happens when we take the direct limit? Well, firstly note that by the theory of the dual isogeny4,
f : E′ → E can be refined to the multiplication by [degf ] map, so in fact it suffices to consider covers by the
multiplication-by-m maps, which yield H1(U ,Λ) ∼= HomGrp(E[m],Λ).

Now we need to think hard about our choice of Λ. If Λ = Z then all these groups will be 0! In fact, we
are forced to consider torsion groups in order to detect any kind of cohomology. This is hugely different from
the classical case, and is very discouraging given we want to recover cohomology with constant coefficients
in some field of characteristic zero. But there is an amazing trick borrowed from number theory. We shall
take Λ = Z/ln for some prime l (which it is probably wise to take as distinct from char(k)), and eventually
take a limit to recover Zl and tensor up to Ql. Note that it is for this reason, and for no reason to do with
k being of positive characteristic, that étale cohomology needs coefficients in Ql.

With this in mind, noting that Z/ln only sees the lm-torsion (and that since k is algebraically closed we
have the standard fact about elliptic curves that E[m] = Z/m× Z/m), we deduce that

H1(E,Z/ln) ∼= lim→mHomGrp(E[lm],Z/ln) ∼= Z/ln × Z/ln.

We can now define the cohomology with Ql-coefficients (abusing our notation slightly) by

H1(E,Ql) = (limn←H1(E,Z/ln))⊗Zl
Ql
∼= Ql ×Ql,

which is exactly analogous to the classical result that the first homology group of the torus with coefficients
in Q is Q×Q.

I find it remarkable we managed to do this ‘topological’ computation over all algebraically closed fields
without any need for a classical fine topology, using only Grothendieck’s ingenious étale covers and some
basic algebraic-geometric facts about elliptic curves. If you want to learn more, Milne’s ‘Étale Cohomology’
notes are a very good place to start, and as a more advanced reference Grothendieck’s SGA4 is good.

3E′[f ] is standard notation for the kernel of f as an isogeny.
4For any isogeny f : E′ → E there is a dual isogeny f∗ : E → E′ of equal degree and they compose to multiplication by

degf .
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