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Introduction

In this paper, we will examine results and open questions regarding Tutte’s conjec-
tures on nowhere-zero k-flows.

G = (V,E) will usually be an undirected graph, D = (V,A) a directed graph
(perhaps with multiple edges). V is the set of vertices, E and A the set of edges.
Given a vertex v ∈ V , we let Ev be the set of edges that have v as an endpoint, A+

v

be the set of (directed) edges going into v, A−v be the set of edges going out of v. We
can also define EU for any subset U ⊂ V as the edges with one end in U , other end
not in U , and A+

U , A
−
U as the edges going into U , and going out of U . For a vertex v,

we let d(v) be the degree of v, d+(v) the indegree, d−(v) the outdegree. A bridge is
an edge that, when removed, increases the number of connected components of the
graph.

Suppose we have a directed graph D = (V,A), and a function f : A→ H, where
H is an abelian group. We define for each vertex v ∈ V

ρ(v)(= ρf (v)) =
∑
e∈A+

v

f(e)−
∑
e∈A−

v

f(e)

Since H is abelian, this is well defined. Also, since each edge has precisely one head
and one tail, for any function f :∑

v∈V

ρ(v) =
∑
v∈V

∑
e∈A+

v

f(v)−
∑
v∈V

∑
e∈A−

v

f(v) =
∑
e∈A

f(v)−
∑
e∈A

f(v) = 0

For any subset U ⊂ V , we can define ρ(U) similarly, and it is easy to see that
ρ(U) =

∑
v∈U ρ(v).

Definition 1. An H-flow on D is an assignment of values of H to the edges of D,
such that for each vertex v, the sum of the values on the edges going in is the same
as the sum of the values on the edges going out of v. So, it is an f : A → H, such
that ρ(v) = 0 for every v ∈ V .

Given J ⊂ H, we can examine whether G contains an H-flow with values in J .
Note that if J is symmetric, (that is, x ∈ J =⇒ −x ∈ J) then, given an undirected
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graph G, the question of whether or not G contains an H-flow with values in J does
not depend on which orientation of G we take. In this essay, we will be looking at
symmetric J . In fact, quite often, J will be the set of nonzero elements in H, thus:

Definition 2. A nowhere zero H-flow on G is an H-flow where 0 ∈ H is not
assigned to any edge.

We will examine the question whether, given a graph G and a finite abelian
group H, there is a nowhere-zero H-flow on G. If an edge is a loop, then whatever
value it has does not influence ρ, so we will be looking at loopless graphs, however,
they may have multiple edges.

One technique we will use often, is that of lifting edges off a vertex. Given a
vertex x in a graph G, and two edges incident with x, e1 = xy, e2 = xz, we can
omit these two edges, and add an edge e = yz between y, z, to obtain a graph G′. If
G′ has a nowhere-zero H-flow, then we can obtain a nowhere-zero H-flow for G: as
we have seen, the orientation does not matter, so we can assume that e1 is oriented
towards x, e2 away from x, e towards z. Then, whatever value is obtained by e, we
can assign to e1, e2, and obtain a flow.

We will use the following theorem:

Theorem 1. [3] Suppose that x is a non-separating vertex of a graph G, d(x) ≥ 4.
Then we can lift a pair of edges from x such that for any two distinct vertices y, z
not equal to x, the maximal number of edge-disjoint paths between y and z is not
decreased.

In particular, this means that if G is k-edge-connected, and x is a non-separating
vertex with degree at least k + 2, then we can lift a pair of edges from x such that
G is still k-edge-connected, and if x has even degree, then we can lift all the edges
incident with x such that the resulting graph is k-edge-connected. For k = 2, the
result is easy to check.

Another technique we will use is contracting a set of vertices in a graph. Suppose
we have a graph G = (V,E), A ⊂ V , |A| > 1. When we say we contract A to a
single vertex to obtain G′, G′ is the graph with vertex set V ′ = V −A∪{A} (so the
vertices in A become a single vertex). Suppose e = {x, y} is an edge. If neither x
nor y is in A, we simply keep e. If exactly one of them is in A, say y, then in G′ we
will have a corresponding edge between x and A. If both ends are in A, we remove
e (since loops do not matter).

1 General Results

We will study the existence of nowhere zero H-flows, where H is a finite abelian
group. We begin with the following crucial theorem:

Theorem 2. For any graph G = (V,E), and positive integer k, the following are
equivalent:

1. There is a nowhere-zero Zk-flow in G.
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2. For any finite abelian group H of order k, there is a nowhere-zero H-flow in
G

3. There is a nowhere-zero integer flow where the absolute value on each edge is
less than k.

Proof. First, we look at the equivalence of (1) and (2), this proof basically appears
in [6].

Let H1, H2 be two abelian groups, both of order k. For a graph G and a finite
group H, let Φ(G,H) be the number of nowhere-zero H-flows on G. We will show
that, for any graph G (with a fixed orientation A), Φ(G,H1) = Φ(G,H2), this
obviously implies the equivalence of (1) and (2). Here, unlike the rest of the paper,
we will allow loops. We will show this by induction on the number of edges in G.
If every edge of G is a loop, then if we assign any values to the edges, we obtain a
flow. So, if we have l loops, then Φ(G,H1) = Φ(G,H2) = (k − 1)l. Suppose now
that G contains an edge uv that is not a loop. Then we let G′ be G minus that
edge, and G′′ be the graph obtained from G by contracting that edge. Here, (unlike
the rest of the paper) when we contract an edge e, if there were k parallel edges
besides e, we add k loops to the vertex, corresponding to those k edges. Then, if
we have any flow f ′′ on G′′, we construct a flow f on G as follows. First we assign
the same value to every edge in G, and zero to uv. Then, for every vertex w that
is not u or v, ρ(w) = 0. At u and v, this is not necessarily true, but we know that
ρ(v) = −ρ(u). So we can choose another value for the edge uv so that we obtain
a flow. Thus, there is precisely one flow on G where the value on each edge other
than uv is the same. If we started with a nowhere-zero flow on G′′, we either obtain
a nowhere-zero flow on G, or uv is the only edge with value zero. In the latter case,
we actually obtain a nowhere-zero flow on G′. So, we know that for any (finite)
abelian group H, Φ(G′′, H) = Φ(G′, H) + Φ(G,H). Both G′, G′′ have one less edge
than G, so by induction:

Φ(G,H1) = Φ(G′′, H1)− Φ(G′, H1) = Φ(G′′, H2)− Φ(G′, H2) = Φ(G,H2)

This completes the proof that (1) is equivalent to (2).
Now we look at the equivalence of (1) and (3). This was originally proven by

Tutte, using matroids, in [7]. Here I will state a simple proof that I found. It is
clear that (3) implies (1): just take the value at each edge modulo k. So suppose
we know that (1) is true for a graph, we will prove (3). We know, using (1), that
we can assign nonzero integers, of absolute value less than k, to each edge, such
that for every edge v ∈ V , ρ(v) is divisible by k. Take such a function f such that∑

v∈V |ρ(v)| is minimal. We want to show that this sum has to be zero (meaning
ρ(v) = 0 for every vertex. Suppose not. Construct a new orientation A′ of the edges
where an edge has the same orientation if the value of the edge is positive, opposite
orientation if the value is negative. Suppose, in A′, there is a directed path from
a vertex u where ρ(u) is negative to a vertex v where ρ(v) is positive. This path
corresponds to a path in the original graph, some edges may be reversed. If we
decrease the value of each edge going in the same direction by k, and increase the
value of each edge going in the opposite direction by k (we can do this, since the
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edges going in the same direction are precisely the edges whose value is positive),
then ρ has changed at precisely two vertices: ρ(v) has decreased by k, and ρ(u) has
increased by k. This contradicts the minimality of

∑
v |ρ(v)| (since ρ is divisible by k

at each vertex). So, in A′, there is no such directed path. However, since we assumed
ρ is not identically zero, there must be at least one vertex where it is positive, and at
least one where is negative (since the sum over all vertices is zero). Let U be the set
of all vertices where it is negative, plus the set of all vertices that can be reached by
a directed path in A′ from a negative vertex. Then U contains no positive vertices,
it contains at least one negative vertex, so ρ(U) is negative. However, in A′, there is
no edge going out of U , so every edge in A+

U is positive, every edge in A−U is negative,
so ρ(U) ≥ 0 (it can be zero, if U is an entire component of the graph, A+

U = A−U = ∅),
giving us a contradiction. So, if

∑
v∈V |ρ(v)| is minimal, it must be identically 0.

If this property holds for a graph G for some k, we will say that G has a nowhere-
zero k-flow. It is clear from (3) that if a graph has a nowhere-zero k-flow, then it has
a nowhere-zero l-flow for every l ≥ k. So, if a graph has a nowhere-zero k-flow for
some k, then there is a k0 that is the smallest number for which it has a nowhere-zero
flow, and it has a nowhere-zero k-flow if and only if k ≥ k0. For any abelian group
H and graph G, G contains a nowhere-zero H-flow if and only if each connected
component of G contains a nowhere-zero H-flow, so we will assume G is connected.
Suppose G has a bridge, so there is a U ⊂ V such that |EU | = 1. Then, if we take
an orientation where that edge e goes into U , and a function f into H, ρ(U) will be
the value at that edge, so any flow must have f(e) = 0: there is no nowhere-zero
flow. So from now on we will assume that every graph is two-edge connected, that
is, every cut contains at least two edges (|EU | ≥ 2).

It is useful to examine Z2-flows for a moment. For Z2, or any abelian group where
a + a = 0 for all elements, the orientation of the graph has no meaning (usually,
if we flip an edge, we have to negate the function to obtain an equivalent flow). A
Z2 flow is precisely a subgraph where every vertex has an even degree (if we look
at the edges that have value 1). So, a graph has a nowhere-zero 2-flow if and only
if it is an Eulerian graph, that is, every vertex has even degree. In this respect,
the above theorem basically says that if every vertex has even degree, then there is
an orientation where each vertex has the same indegree as outdegree, a well-known
result. (If an edge gets assigned −1, we flip it and assign 1 to it.)

A natural first question to ask is whether any 2-edge connected graph has a
nowhere-zero k-flow for some k, and whether there is a k such that every graph has
a nowhere-zero k-flow.

It was first proven by Jaeger in [1] that every graph without a bridge has a
nowhere-zero 8-flow. Later, Seymour showed in [4] that every graph without a
bridge has a nowhere-zero 6-flow.

In order to examine k-flows for larger k, first we will show the following well-
known theorem, here we follow the proof appearing in [4]:

Theorem 3. Let k ≥ 3. If there is a graph that is 2-edge connected, and does not
have a nowhere-zero k-flow, then, if we take one where |V |+ |E| is minimal, it is a
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cubic, simple, 3-connected graph.

Proof. If the graph has a cut of size 2, then we contract one of the edges as in
the proof of Theorem 2 to obtain a smaller graph. This must have a nowhere-zero
k-flow, which corresponds to a nowhere-zero k-flow on either the original graph,
or the original graph with the contracted edge omitted. However, if we omit the
contracted edge, then there is a bridge (the other edge in the 2-cut), so there cannot
be a nowhere-zero flow, so we have a nowhere-zero flow on the original graph, a
contradiction. Therefore a minimal counterexample is 3-edge connected. If it has a
vertex of degree at least four, then by Theorem 1 it is possible to lift a pair of edges
from that vertex such that the graph is still 2-edge connected, therefore, we cannot
have a minimal counterexample. Thus, a minimal counterexample is a cubic graph.
A cubic 3-edge connected graph is 3-connected: suppose that omitting v1, v2 gives
us two components U1 and U2. Each vi has at most one edge going to either U1 or
U2, if we add it to the other one, we obtain U ′1, U

′
2 that have at most two edges going

between them, contradicting the fact that the graph is 3-edge connected. From this,
it follows that the graph has no multiple edges, although we could have also proven
this directly: contract the two vertices that have more than one edge between them,
obtain a nowhere-zero k flow, and it is easy to see that we can choose values for the
edges such that none of them are zero, whatever their sum needs to be.

Suppose we have a cubic graph, and let us examine 3-flows. If an edge is assigned
−1, we can flip it, and assign 1 to it. Thus, a nowhere-zero 3-flow can be thought
of as an orientation, and then the indegree minus the outdegree must be divisible
by 3. In the case of cubic graphs, this means that for each vertex v, either all edges
incident with v are directed towards v, or all of them are directed away from v.
Then, if there is an edge uv, then u must be of one type, v of the other. Thus, for
cubic graphs, having a nowhere-zero 3-flow is equivalent to being bipartite (and then
all edges are oriented towards one of the parts). Obviously, not all cubic 3-edge-
connected graphs are bipartite, so not all bridgeless graphs have a nowhere-zero
3-flow, K4 being the smallest counterexample.

Now, let us examine 4-flows on cubic graphs. Since we can use any 4-element
abelian group, let us use H = Z2 × Z2. We can think of the elements as {0, a, b, c},
x + x = 0 for any x, and if x, y are nonzero distinct elements, their sum is the
third element. In this case, the orientation does not matter when assigning values
to edges. Suppose we have a nowhere-zero H-flow on a cubic graph. At each vertex,
we have three nonzero elements x1, x2, x3 of H, x1+x2+x3 = 0. If x1 = x2, say, then
x1 + x2 = 0, but then x3 = 0, contradicting the fact that we have a nowhere-zero
flow. We can apply this reasoning to any xi, xj, so we know that x1, x2, x3 must all
be different. Thus, we obtain a 3-coloring of the edges of the graph.

Now we can construct a counterexample that shows that not every bridgeless
graph has a nowhere-zero 4-flow: the Petersen graph. It is a cubic, 3-edge connected
graph, and we cannot color the edges with three colors.
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2 Six-flows

In this section, we will demonstrate Seymour’s proof of the 6-flow theorem, appearing
in [4].

Theorem 4. Any graph that is 2-edge-connected has a nowhere-zero 6-flow.

Proof. If we want to find a Z6-flow, we can think of Z6 as Z2 × Z3. Then, we need
to find a Z2-flow and a Z3-flow such that each edge is nonzero for at least one of
them. We can first try to find a Z2-flow, and then find a Z3-flow that is nonzero on
the edges where the Z2-flow is zero. In order to do this, a useful tool will be the use
of k-closures.

Given a graph G = (V,E), let us call a set Y ⊂ E k-closed if there is no cycle C
in G such that 0 < |C − Y | ≤ k. The intersection of two k-closed sets is k-closed,
since given two sets Y1, Y2, if there is a cycle with at most k, but at least one edge
outside the intersection, then it has at most k edges outside both Y1, Y2, but at least
one edge outside one of them. Thus, given a subset X ⊂ E, we can define 〈X〉k
as the smallest set Y such that X ⊂ Y and Y is k-closed. This exists because we
can just take the intersection of all k-closed sets containing X. Clearly, if X1 ⊂ X2,
then 〈X1〉k ⊂ 〈X2〉k.

The following lemma shows why k-closures will be useful:

Lemma 1. Suppose that for X ⊂ E, 〈X〉k = E. Then, for H = Zk+1 (or any
k + 1-order group), there is an H-flow that is not zero anywhere outside X.

Proof. If X = E, then we are done, we can just take zero for every edge. We will
continue by induction on the size of |E − X|. Since it is positive, there are edges
outside X. So, we know that 〈X〉k is strictly larger than X, so X is not k-closed,
there is a cycle C not completely contained in X with at most k edges outside X.
Let Y = X ∪ C. Then 〈Y 〉k = E, and |E − Y | < |E − X|, since X is a proper
subset of Y . So, by induction, there is a flow which has zero values only on Y . Let
us examine the cycle C, and assume all the edges are oriented in one direction. We
can add a fix value to every edge of the cycle, and we will still have a flow. This
does not affect the edges outside of Y , and since there are k edges outside of X on
the cycle, and k+ 1 elements in the group, we can add a value such that all k edges
outside X obtain nonzero values. This completes the proof.

In the proof, we will also use the following technical lemma.

Lemma 2. For any (nonempty) simple graph H, if every vertex has degree at least
two, then there is a 2-connected subgraph S with at least three vertices such that at
most one vertex is connected to vertices outside S.

Proof. For any subset of the vertices, the induced subgraph is either 2-connected, or
not. Let A be the collection of maximal subsets of the vertices that are 2-connected.
Let B be the set of vertices of H that are in at least two maximal 2-connected
subgraphs. Let us define a bipartite graph on A∪B, a vertex in B corresponds to a
vertex v of H, connect it to the maximal 2-connected subgraphs that contain v. In
this graph, there are no cycles. Suppose A1B1A2B2...AkBkA1 is a cycle, with all Ai-s
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different. Then the union of the Ai-s would also be 2-connected, a contradiction,
since the Ai’s are maximal and different. So this graph is a forest, it contains a point
of degree at most one. Since each point in B is contained in at least two maximal
2-connected graphs, we must have a one-degree point in A, so we have a 2-connected
subgraph that has only one point with neighbors outside of it, we can call this S.
Since each point has degree at least two, and only one vertex has neighbors outside
S, S must have at least three points.

Since Z2-flows are basically subgraphs with each vertex having even degree, if
we find such a subgraph whose 2-closure is the whole graph, we are done. We will
show something a bit stronger:

Lemma 3. For any 3-connected simple graph G = (V,E) with at least four vertices,
there is a set of edges X ⊂ E that form vertex-disjoint cycles, such that 〈X〉2 = E.

Proof. We start with a cycle C1 (this exists because the graph is 3-connected), and
keep adding disjoint cycles C2, ..., Ck, while preserving the property that 〈C1 ∪ ...∪
Ck〉2 (that is, the subgraph consisting of these edges on the vertices incident with
them) is connected. We will show that if 〈C1 ∪ ...∪Ck〉2 does not contain all edges,
then we can add another cycle Ck+1 such that 〈C1 ∪ ... ∪ Ck ∪ Ck+1〉2 is connected.
Let Yk be the subgraph corresponding to 〈C1 ∪ ... ∪ Ck〉2. Then Yk is an induced
subgraph: suppose we had an edge between two vertices of Yk not in Yk. Then, since
there is a path in Yk between the endpoints, we would have a cycle which has exactly
one edge outside Yk, a contradiction. By the same principal, any vertex outside of
Yk is connected to at most one vertex in Yk. Let H be the induced subgraph on
the vertices outside Yk. Then each vertex in H has degree at least two, since in
the original graph, it had degree at least three, and it is connected to at most one
vertex in Yk. Then, by the previous lemma, there is a subgraph S of H with at
least three vertices that is 2-connected, has at least three points, and contains at
most one vertex with neighbors in H outside S. However, since G is 3-connected,
there are at least three vertices of S with neighbors outside S in G, so there are
at least two vertices with neighbors in Yk, take two such vertices, u, v. Since S is
2-connected, there is a cycle in S containing u, v, take this to be Ck+1. We know
that 〈C1 ∪ ...∪Ck ∪Ck+1〉2 (call the corresponding subgraph Yk+1) contains Yk, and
then, using u, v, a path along Ck + 1, and a path in Yk between u and v’s neighbors,
we obtain a cycle with at most two edges outside Yk ∪Ck+1, so this cycle must be in
Yk+1. But then Yk+1 must be connected (using the fact that, in a simple graph, the
2-closure of a connected graph is 2-closed). So we can continue this process until
the 2-closure is E.

Now, we can prove the theorem. By Theorem 3 it is enough to show the theorem
for 3-connected simple graphs with at least four vertices. By the previous lemma,
we know that there is a set of disjoint cycles C1, ..., Cr such that 〈C1∪ ...∪Cr〉2 = E.
We take a Z2 flow, write 1 on these cycles, 0 elsewhere. We can also obtain a Z3-flow
that is not zero on any edge outside these cycles, by Lemma 1. But then we obtain
a nowhere-zero Z2 × Z3 flow, that is, a nowhere-zero 6-flow.
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The five-flow conjecture states that every 2-edge-connected graph has a nowhere-
zero 5-flow. Again, by 3, it is enough to show that every cubic 3-connected graph
has a nowhere-zero 5-flow.

3 Four-flows

In this section, we will demonstrate Jaeger’s proof that every four-edge connected
graph has a nowhere-zero 4-flow, appearing in [1].

We use Z2×Z2, since, by Theorem 2, we can take any group with four elements.
We begin with a lemma:

Lemma 4. If a graph G has k spanning connected subgraphs, such that for each
edge of the graph, at least one of the subgraphs does not contain it, then there is
nowhere-zero Zk

2 flow on G.

Proof. We will show that for any connected subgraph (in particular, a tree), there
is a Z2 flow that is not zero outside the tree. In other words, if we take all the edges
outside the tree, we can add some edges from the tree so that we obtain az Euler
subgraph. This is equivalent to saying that for a tree, if we assign 0 or 1 to each
vertex, such that the total number of 1’s is even, then there is a subgraph such the
vertices with odd degree are precisely those that have 1 assigned to them. We can
prove this by induction: a tree has a vertex of degree one, if it has 0 assigned to it,
we omit the edge and apply induction, if it has 1 assigned to it, we take the edge
going out from it, and change the assignment of its neighbor, then apply induction.
If we have a graph with two points, it is clearly true. Thus, for any subgraph that is
a tree, so for any connected subgraph, there is a Z2 flow that only obtains 0 values
on the subgraph.

From this, it is easy to see that if we take H = (Z2)
k, and there are k connected

spanning subgraphs such that each edge has a subgraph that does not contain it,
we can obtain a nowhere zero H-flow.

We will use a theorem of Tutte’s regarding edge-disjoint spanning trees to help
obtain the result. Given a partition P of the vertices of a graph G = (V,E), we let
EP be the edges that go between two vertices in a different set of the partition, and
|P | the number of (nonempty) sets in the partition. The theorem is the following,
appearing in [8] and [9], which we state without proof:

Theorem 5. A graph has k edge-disjoint spanning trees if and only if for every
partition P of the vertices, |EP | ≥ k(|P | − 1).

Corollary 1. Any 2k-edge-connected graph has k disjoint spanning trees.

Proof. Given a 2k-edge-connected graph and a partition of the vertices into
A1, A2, ..., Am, we know that d(Ai) ≥ 2k. Since each vertex has two ends

|EP | =
1

2

m∑
i=1

d(Ai) ≥ km ≥ k(|P | − 1)
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Theorem 6. Every 2-edge connected graph without a cut of size 3 has a nowhere
zero 4-flow. In particular, every 4-edge connected graph has a nowhere zero 4-flow.

Proof. Suppose the theorem were false, and take a counterexample that has |V |+|E|
minimal. Suppose it has a 2-cut. If we contract one of the edges, we obtain a graph
that is still 2-edge connected, and any flow on this graph gives a unique flow on
the original graph. In this flow, if we look at the edges in the two-cut, they must
have the same value, going in opposite directions. So any nowhere-zero flow on
the contracted graph gives a nowhere-zero flow on the original graph. Also, the
contracted graph has no 3-cuts, since that would give a 3-cut on the original graph.
So, since our counterexample has |V | + |E| minimal, the contracted graph has a
nowhere-zero 4-flow, but then we have a nowhere-zero 4-flow on the original graph.

So we know that our counterexample must have no 2-cuts, no 3-cuts, so it must
be 4-edge connected. By theorem 3, the graph has 2 disjoint spanning trees. Then,
applying 4 it has a nowhere-zero 4-flow, a contradiction.

Note that this also gives a proof that every graph without a bridge has a nowhere-
zero 8-flow (this was the original proof in [1]. As before, we take a minimal coun-
terexample, if there is a two-cut, we can contract one of the edges as before to obtain
a smaller counterexample, so we may assume that the graph is 3-edge connected.
If we double each edge, we obtain a 6-edge connected graph. In this graph, we
can therefore take 3 disjoint spanning trees. In the original graph, this gives us 3
spanning trees such that each edge is in at most two of them. Thus, by 4 the graph
has a nowhere-zero 8-flow.

For 4-flows, we have the following conjecture: Every bridgeless graph without
a Petersen minor has a nowhere-zero 4-flow. This would imply that every planar
graph has a nowhere-zero 4-flow.

4 3-flows and orientations

The 3-flow conjecture states that every 4-edge-connected graph has a nowhere-zero
3-flow. (Or equivalently, every graph that has no bridges and no 3-cuts.)

Suppose that, instead of looking at nowhere-zero flows, we want each edge to
obtain a value of 1 or −1 in Zk. We know that it does not matter which orientation
we take, however, there is exactly one orientation where each assignment is 1. In
this section, we will be looking at orientations, and looking at the indegree minus
the outdegree at a vertex modulo k for some k. Note that for k = 3, this is exactly
the same problem as a nowhere-zero 3-flow. We will call an orientation a Tutte-
orientation if the indegree is congruent to the outdegree modulo 3 at each edge, this
obviously corresponds to a nowhere-zero 3-flow. In this respect, the 3-flow conjecture
states that every 4-edge-connected graph has a Tutte orientation. The weak 3-flow
conjecture states that there is some l such that every l-edge-connected graph has a
Tutte orientation.
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If k is even, then if there is an orientation where the indegree minus the outdegree
is divisible by k at each vertex, then the degree of each vertex must necessarily be
even. Conversely, if each vertex degree is even, then there is an orientation where
each indegree is equal to each outdegree, but then it is also divisible by k.

For odd k, the question remains open. Jaeger in [2] conjectured that, for odd k,
every 2k− 2-edge connected graph has an orientation where the indegree minus the
outdegree is divisible by k. Also, as mentioned in the same article, this conjecture
(for k = 5) implies the 5-flow conjecture. We know that it is enough to prove it
for 3-edge-connected graphs. If we triple each edge, we obtain a graph that is 9-
edge-connected. Thus it has an orientation where each vertex has indegree minus
outdegree divisible by 5. From this, it is easy to construct a nowhere-zero 5-flow for
the original graph: if three edges go in the same direction, we assign 3 going in that
direction to the original graph, if two edges go in one direction, one in the other, we
assign 1 going in the direction of the two edges. Again, we can state a weak version:
for every odd k, there is an l(k) such that every l(k)-edge-connected graph has an
orientation where at each vertex, the indegree minus the outdegree is divisible by k.

The weak versions of the conjectures has recently been proven, by Thomassen,
in [5].

Let us try to generalize the problem. Suppose instead that we are given a function
q : V → Zk on the vertices. We can examine whether there is an orientation that
has indegree minus outdegree q at each vertex, that is, q(x) ≡ d+(x)−d−(x) modulo
k. Obviously, we require that q summed over all vertices is zero (modulo k). We say
that a graph admits all generalized Tutte-orientations if, in the case of k = 3, for
any function q which is zero when summed over all vertices, there is an orientation
where the indegree minus the outdegree is congruent to q at each vertex. The use
of looking at this version is if there are many edges, we can take one, orient it in
some way, delete it, and modify q at the endpoints, and do induction.

In this case, if k is even, then for each vertex, q must have the same parity
as the degree of the vertex. Since, at each vertex, d+(x) − d−(x) ≡ q(x) mod k,
d+(x) + d−(x) = d(x), we have 2d+(x) ≡ q(x) + d(x) mod k. Thus, if k is odd,
then prescribing required indegrees modulo k is equivalent to prescribing required
indegrees minus outdegrees. If k is even, then the requirement must have the same
parity as the degree of the vertex, in this case, it is equivalent to prescribing indegrees
modulo k/2. So, from now on, we will assume there is a function p on the vertices,
and we want p(x) ≡ d+(x) mod k.

The following two results appear in [5], we will demonstrate the proof here.

Theorem 7. Any 8-edge-connected graph has a nowhere-zero 3-flow, in fact, it
admits all generalized Tutte-orientations.

Theorem 8. If k is odd, then, if G is a 2k2+k-edge-connected graph, then it has an
orientation where the indegree is congruent to the outdegree modulo k. For any k, if
G is 2k2 + k-edge-connected, and p is a function into Zk on the vertices, with sum
congruent to the number of edges, then there is an orientation where the indegree of
each vertex is congruent to p.

First, we will define a function on the subsets of the vertices, t : P(V ) → N0,
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for any k, given a function p. This will not be defined for all graphs, but it will be
defined if there is a chance that a good orientation exists. First, we can define p(A)
to be the sum of p over all vertices in A, minus the number of edges in A (mod k).
Whenever we contract a set A to a single vertex, we will define p of that vertex to
be p(A). We know that this needs to congruent to the indegree of A. In order for
t(A) to be defined, it must be possible to orient the edges going out from A in such
a way that the indegree is congruent to p(A) (otherwise we know that no proper
orientation exists). In this case, it will be the least possible absolute value of the
difference of the indegree minus the outdegree. If t(A) > 0, and is obtained with the
indegree being larger, we call A positive, if it is obtained with the outdegree being
larger, we call it negative.

We will use the following properties of t, which are easy to see:

• t(A) = t(V − A).

• t(A) has the same parity as d(A).

• t(A) ≤ k.

• t(A) can be both positive and negative, this happens if and only if t(A) = k.

First, we will look at the case for k = 3.
We would like to perform a kind of induction where we take a subset, contract

it, apply induction, then orient the edges of that subset by contracting the other
points. In order for this to work, however, we will assume that there is a vertex, z0,
such that the edges going out of z0 are oriented.

Note that, if there is a cut A,B in G− z0 with one edge e, such that the number
of edges going from z0 to A is two less than p(A) (mod 3) (or same for B, the two
conditions are equivalent), then this is impossible. Let us call this a problematic
bridge.

The main part of the proof is the following lemma:

Lemma 5. Suppose that we have a loopless graph, G = (V,E), a function p : V →
Z3, and we want to orient the edges of the graph so that each vertex has indegree
congruent to p at that vertex. Suppose also that there is a vertex, z0, such that the
edges incident with z0 are already oriented, and the indegree is p(z0). Suppose the
following conditions hold:

• The sum of p over the vertices is congruent to the number of edges.

• For any proper nonempty subset A ⊂ V − z0, d(A) ≥ 6 + t(A).

• d(z0) ≤ 11.

We also need the extra condition that there is no problematic bridge. In this case,
we can orient the rest of the edges such that the indegree of each vertex is congruent
to p.

11



Proof. The proof here is basically the proof appearing in [5]. Let us assume that
the lemma is false, so there is a G = (V,E), z0 ∈ V , p : V → Z3 that satisfy the
conditions of the lemma, but we cannot orient the rest of the edges. We can assume
the counterexample has |V | + |E| minimal. We will prove that this minimal coun-
terexample must have certain properties, until we eventually reach a contradiction.
The first condition implies that if we find an orientation where every vertex besides
a fixed x vertex has the required indegree, then so does x.

The second and third conditions imply that G− z0 is connected, using the fact
that d(A) ≥ 6. Also, if there is a bridge in G − z0, between sets A and B, then A
and B must each have at least 5 edges going to z0, so if d(z0) < 10, we do not need
the condition that there are no problematic bridges, it is implied.

Claim 1. If xand y are two vertices besides z0, then there is at most one edge
between them.

Proof. If there are q ≥ 2 edges between x and y, then we contract A = {x, y} to a
vertex z to get a graph G′. It is easy to see that G′ satisfies the conditions of the
lemma with p, and it has less edges and less vertices than G, so by the minimality
of G, we can orient the edges of G′ properly. This gives us an orientation of the
edges of G, besides those between x and y, where every vertex besides x and y has
the required indegree. It is easy to see that, since q ≥ 2, we can orient the edges
between x and y such that x has the required indegree (by orienting 0, 1, or 2 of
them towards x), but then by the first condition, y, and thus every vertex has the
required indegree.

Claim 2. |V | > 5

Proof. If |V | = 1, we have an empty graph, which technically satisfies the conditions
of the lemma, and also the conclusion. If |V | = 2, then (since there are no loops)
all the edges are oriented, the indegree of z0 is congruent to p(z0), so we know that
the last vertex must also work. If |V | = 3, let the vertices be z0, x, y. Then we
know that G− z0 is connected, but by Claim 1, there cannot be more than one edge
between them, so there is exactly one edge between x and y. Thus we have a bridge,
but it cannot be a problematic bridge, so it must be possible to orient this edge. If
|V | = 4, then G − z0 has three vertices, no multiple edges of loops, so each vertex
has degree at most 2. But in G, each vertex has degree at least 6, so each vertex
must have at least four edges going to z0. However, this means that z0 has degree
at least 12, a contradiction. Similarly, if |V | = 5, in G− z0, each vertex has degree
at most 3, so it has at least three edges going to z0, but then d(z0) ≥ 4× 3 = 12, a
contradiction.

Claim 3. Suppose we have a set of vertices A not containing z0, 1 < |A| < |V | − 1
(so A is not the complement of {z0}, and is not a singleton). Then either d(A) ≥ 12,
or A = {x, y}, d(x) = 6, d(y) is either 6 or 7, and there is an edge between x and
y. In either case (since there cannot be multiple edges between x and y) d(A) ≥ 10.

Proof. Take A that satisfies the conditions of the claim. Contracting A into a single
vertex, we obtain a smaller graph that satisfies the conditions, so there is a proper
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orientation. This gives, on the original graph G, an orientation of the edges with at
least one vertex not in A, such that each vertex outside A has the required indegree
modulo 3. Next, we contract the V − A into a single vertex, which will be the new
z0. If this new graph satisfied the conditions of the lemma, then we would obtain
a proper orientation, but then we would also have a proper orientation of G. So
contracting V −A, one of the conditions must fail. If the third one fails, that means
precisely that d(A) ≥ 12. The first and second conditions cannot fail, so the only
other possibility is that there is a problematic bridge in A. So A divides into A0, A1.
However, then A0 and A1 both must have at least five edges going out of A, but
since in total there are at most 11 edges going out, they cannot have more than 6
edges going out, so d(A0), d(A1) ≤ 7. This means that if one of them, say A0 had
more than one vertex, then we could use the previous method with A0 instead of A
to obtain a proper orientation (since we saw that if d(z0) < 10, we do not need the
condition on problematic bridges). So both A0, A1 must have exactly one vertex,
meaning A = {x, y} with one edge between them, and then it is easy to see that
one of them must have degree 6, the other degree 6 or 7.

Claim 4. Every vertex x besides z0 has at least two neighbors, and d(x) = t(x) + 6.

Proof. Let x be a vertex besides z0. We know that G− z0 is connected, so x has a
neighbor besides z0. If x had only one neighbor (in all of G), it would have to be
another vertex y 6= z0. But then, since the degree of x is at least 6, there would be
at least 6 edges between x and y, a contradiction.

We know that the difference between d(x) and t(x) is even. So, if it is larger than
6, it would be at least 8. We lift a pair of edges off x, going to two separate vertices,
and decrease p(x) by one. If one of y, z is z0, then the edge between x and z0 was
directed, so we direct the new edge accordingly. If we find a proper orientation for
this graph, we can find one for the original: if, say, the edge between z and y is
directed towards y, we direct the edge from z to x towards x, and the other one
towards y.

We will show then that this new graph satisfies the conditions. It is easy to see
that the first and third conditions are still satisfied, so we just need the second one.
First, observe that for each set A, d(A) either stays the same or is decreased by 2,
and it is easy to see that t(A) stays the same in either case. If A is a single point,
then either the degree of A did not decrease, or A = {x}, in which case we know the
condition is still satisfied. If A has at least two points (and is not the complement
of z0), then the degree of A was at least 10, so now it is at least 8, but then, using
the fact that t(A) ≤ 3 and has the same parity as d(A), d(A) ≥ 6 + t(A). We still
need to check that there is no problematic bridge, we will in fact show that there is
no cut with at most three edges in G− z0, since then after the lifting, there can be
no cut with one edge. Suppose we could divide V − z0 into disjoint sets A,B, such
that there are at most three edges between them. Since |V | > 5, |V − z0| > 4, so
one of A,B must have size at least 3. This set has degree at least 12, so it has at
least 9 edges going to z0. The other set has degree at least 6, so at least three edges
going to z0. This gives 12 edges total, a contradiction.

Claim 5. For any vertex x 6= z0, there are less than d(x)/2 edges between z0 and x.
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Proof. If at least half of the edges incident with x went to z0, then d({x, z0}) ≤
d(z0) ≤ 11, but then A = V − z0 − x would violate Claim 2.

Claim 6. For any vertex x 6= z0, t(x) > 0.

Proof. If t(x) = 0, d(x) = 6, because of Claim 5, we can lift the edges incident with
x such that we do not obtain a loop. We will show that the lifted graph satisfies the
conditions. The first and third conditions are clearly satisfied. Let us look at the
second condition.

Take a set nonempty set A not containing z0. If A is a single vertex, then it
has the same degree as before, so it satisfies the condition. If A has more than one
point, and is not the complement of z0, then originally A and A ∪ {x} had degree
at least 10. It is easy to see that one of these sets has at most two less edges, so
the new degree of A is at least 8, and since t has the same parity as the degree, the
condition is satisfied.

Suppose there was a cut of size one in G − z0 after the lifting, between A and
B. At least one of these sets has size at least two, but then it has degree at least 8,
so it has at least 7 edges going to z0. The other one has at least 5 edges going to z0,
but then d(z0) would be at least 12, a contradiction. So there are no problematic
bridges in the lifted graph.

Now, we can finish the proof. First, observe that Claim 6 implies that in Claim
3, the second case cannot occur, so any A with 1 < |A| < |V | − 1 has d(A) ≥ 12.
Take a vertex x for which m, the number of vertices between x and z0, is minimal.
Since there are at least 5 vertices besides z0, and d(z0) ≤ 11, m ≤ 2. But then, since
each vertex has degree at least 7, each vertex has at least 5 neighbors besides z0, so
there are at least 6 vertices besides z0, thus m ≤ 1. This also means that x has at
least 6 neighbors besides z0.

Let i = t(x), d(x) = 6 + i, and assume, without loss of generality, that x is
negative. x has either i positive neighbors, or 6− i negative neighbors. In the first
case, we direct i edges going to positive vertices away from x (and delete them),
decreasing p at the other end of the edges by one. We are then left with 6 edges, we
lift these, this is possible, because m ≤ 1, so there are no multiple edges incident
with x. In the second case, we direct 6− i edges from negative vertices towards x,
and lift the rest. We call the new graph G′. We will apply induction to G′.

It is easy to see that the first and third conditions are satisfied. Let us check the
second condition. If A is a singleton {y}, the condition is satisfied because either d
and p did not change, or y was positive and both decreased by one, but then t(x)
also decreased by one. Otherwise A has at least two vertices. It is easy to see that
either EA or EA∪{x} has at most four more edges than E ′A (the edges leaving A in
G′), using the fact that the degree of x was at most 9 (each edge incident with x
is in at most one of them). Since the degree was at least 12, the degree of A in G′

is at least 8, and thus the condition is satisfied. G′ also cannot have a problematic
bridge: suppose we could divide the vertices besides z0 into A,B disjoint sets with
one edge between them. One of these has size at least two, thus degree at least 8,
thus 7 edges going to z0. The other one has degree at least 6, so at least 5 edges
going to z0. But then the degree of z0 would be at least 12, a contradiction.
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Thomassen also generalizes the lemma to larger k, although with worse bounds.
The proof is basically the same, with more calculation, but we do not need to deal
with problematic bridges.

Lemma 6. Suppose that we have a loopless graph, G = (V,E), a function p :
V → Zk, k ≥ 4, and we want to orient the edges of the graph so that each vertex
has indegree congruent to p at that vertex. Suppose also that there is a vertex, z0,
such that the edges incident with z0 are already oriented, and the indegree is p(z0).
Suppose the following conditions hold:

• The sum of p over the vertices is congruent to the number of edges modulo k.

• For any proper nonempty subset A ⊂ V − z0, d(A) ≥ 2k2 + t(A).

• d(z0) ≤ f(k).

Here Thomassen gives f(k) = 3k2 + 6k − 13.

Proof. It may be unclear at first where Thomassen gets the numbers from. We will
want to do something similar to the last step in the previous proof, for which we need
a vertex to have 2k distinct neighbors besides z0. We will see below that there are at
most k−2 edges joining two vertices in a minimal counterexample, so this means that
we want the degree to be at least 2k2 (about). In order to illustrate the requirement
for the third condition, we will work with f(k), then see what conditions f(k) must
satisfy for the proof to work. As before, take a counterexample with |V | + |E|
minimal, call it G. We will again prove that G has certain properties until we reach
a contradiction.

Claim 7. For any two vertices x, y distinct from z0, there are at most k − 2 edges
joining them.

Proof. If there are at least k− 1 edges joining x, y, then we contract them to obtain
G′. It is easy to see that this graph satisfies the conditions, so we apply induction.
Then, since there are k − 1 edges, we can choose the number going towards x such
that the indegree condition on x is satisfied, then so is the indegree condition on
y.

Claim 8. G− z0 is k − 1-edge connected, and has at least three vertices.

Proof. If G−z0 was a single vertex, then all the edges are oriented, and the indegree
condition has to be satisfied because of the first condition, as before. Suppose G−z0
could be divided into A,B with at most k − 2 edges between them. Then both A
and B would have at least 2k2 − k + 2 edges going to z0, so the degree of z0 would
be at least 4k2 − 2k + 4. So

4k2 − 2k + 4 ≤ f(k)

Thus, if f(k) ≤ 4k2−2k+3, we have a contradiction, as is the case with the f given
in the lemma.
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Because any two vertices have at most k − 2 edges joining them, there must be
at least three vertices besides z0.

Claim 9. If A is a vertex set not containing z0, |A| > 1,|V − A| > 1, then d(A) ≥
f(k) + 1.

Proof. If a set A violated the claim, then, as before, we first contract A into a single
point and apply induction. Then we contract V − A into a single point, and think
of it as the new z0, and finish.

Claim 10. Every vertex x besides z0 has at least two neighbors, and d(x) = 2k2 +
t(x).

Proof. Since 2k2 > k−2, x cannot have a single neighbor: if y was the only neighbor,
then G − z0 being connected implies that y is not z0, but then there can only be
k − 2 edges between x and y.

Suppose a vertex has higher degree, then it has at least two extra edges. We
lift a pair of these, going to different vertices (and decrease p by one). We need to
check that the second condition is satisfied. If A is a singleton, it is satisfied, since
neither the degree, nor t changed. If not, then A has degree at least f(k) + 1 before
the lifting, so after the lifting it has degree at least f(k) − 1. Since t(A) ≤ k, we
need

2k2 + k ≤ f(k)− 1

Thus for this step to work, we require that f(k) ≥ 2k2 + k + 1.

Claim 11. For every vertex x distinct from z0, less than half the edges incident with
x go to z0.

Proof. If at least half the edges incident with x were between x and z0, then d(V −
z0 − x) ≤ d(V − z0) = d(z0) ≤ f(k), which violates Claim 9.

Claim 12. If x is a vertex distinct from z0, then t(x) > 0.

Proof. As before, we want to show that we can lift all the edges incident with x
without obtaining a loop. We can do this because there is no edge-multiplicity
greater than the sum of the other multiplicities. So, we can lift arbitrarily until one
of the multiplicities becomes exactly the sum of the others. (Since d(x) is even, the
difference is always even.) Then, if the multiplicity between x and y is the sum of
the other multiplicities, we pair each edge between x and y to an edge between x
and another vertex.

We have to check that in the lifted graph G′, the conditions are satisfied, we have
to check the second condition. If A is a singleton, it is satisfied, as before. Otherwise,
one of A,A ∪ x has in the original graph G degree at most k2 larger than the new
degree. Thus d(A) ≥ f(k)− k2 + 1 ≥ 2k2 + k ≥ 2k2 + t(A), if f(k) ≥ 3k2 + k − 1.
Note that this condition on f implies the condition needed in Claim 10.
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We can now finish the proof. As before, take x with m, the number of edges
between x and z0, minimal. By Claim 11, x has at least k2+1 edges going to vertices
besides z0, and since at most k − 2 of them can go to a single vertex, x has at least
k + 3 distinct neighbors besides z0. Thus there are at least k + 4 vertices besides
z0, but then m ≤ d(z0)/(k + 4) ≤ 4k, assuming f(k) ≤ 4k2, a weaker assumption
than what is required in Claim 8. So, x has at least (2k2 − 4k + 1)/(k − 2) ≥ 2k
neighbors besides z0.

As before, we can assume that x is negative, of type i. Then x has either i positive
neighbors, or 2k− i negative neighbors. We direct i or 2k− i edges accordingly, and
lift the remaining edges, to obtain the graph G′.

We must check that G′ satisfies the conditions, specifically the second condition.
If A is a singleton, it is satisfied. Otherwise, taking A′ as either A or A ∪ {x},
d(A′, G) ≤ d(A,G′) + d(x,G)/2. So

d(A,G′) ≥ f(k) + 1− d(x,G)

2
≥ f(k) + 1− k2 − k ≥ 2k2 + k ≥ 2k2 + t(A)

This step works if f(k) ≥ 3k2 + 2k − 1, which implies the earlier lower bounds.
Thus the proof works if 3k2 + 2k− 1 ≤ f(k) ≤ 4k2− 2k+ 3. The difference between
the upper and lower bounds is k2 − 4k + 4, which is nonnegative, so we can choose
an f that works. Thomassen’s f works, or, in order to get the strongest lemma, we
can choose f(k) = 4k2 − 2k + 3.

Thus G′ satisfies the conditions, and induction is possible.

Now, we can prove the following theorems:

Theorem 9. Suppose that we have a graph G, a function p : V → Z3, such that the
sum over the vertices is congruent to the number of edges modulo 3. Suppose also
that for each nonempty proper subset A of V , d(A) ≥ t(A) + 6. Then it is possible
to direct the edges such that the indegree is congruent to p at each vertex.

Theorem 10. Let k ≥ 4, and suppose we have a graph G, a function p : V → Zk,
such that the sum over the vertices is congruent to the number of edges modulo k.
Suppose also that for each nonempty proper subset A of V , d(A) ≥ t(A) + 2k2.
Then it is possible to direct the edges such that the indegree is congruent to p at each
vertex.

Proof. Take an edge, and add a vertex to the middle, let that be z0, with p(z0) = 1.
Then we can apply the lemma we need, to obtain the required orientation.

Using the fact that t(A) ≥ k and that it has the same parity as d(A), these
theorems imply Theorems 7 and 8

I have been able to improve Theorem 9 to the following:

Theorem 11. Suppose that we have a graph G, a function p : V → Z3, such that
the sum over the vertices is congruent to the number of edges modulo 3. Suppose
also that for each nonempty proper subset A of V , d(A) ≥ t(A) + 4. Then it is
possible to direct the edges such that the indegree is congruent to p at each vertex.

17



The main part of the proof is the following lemma, similar to lemma 5:

Lemma 7. Suppose that we have a loopless graph, G = (V,E), a function p : V →
Z3, and we want to orient the edges of the graph so that each vertex has indegree
congruent to p at that vertex. Suppose also that there is a vertex, z0, such that the
edges incident with z0 are already oriented, and the indegree is congruent to p(z0).
Suppose the following conditions hold:

• The sum of p over the vertices is congruent to the number of edges.

• For any proper nonempty subset A ⊂ V − z0, d(A) ≥ 4 + t(A).

• d(z0) ≤ 4 + t(z0)

Proof. As before, we take a minimal counterexample G, and prove it has certain
properties, until we reach a contradiction. The first five claims are mostly the same
as before.

Claim 13. If x, y are two vertices besides z0, then there is at most one edge between
them.

Proof. Same as before

Claim 14. G− z0 is two-edge connected, and has at least three vertices.

Proof. First, note that if we partition V into disjoint sets A,B,C, then t(C) ≤
t(A) + t(B). In order to show this, first note that we can assume they are points,
since we can contract them. Next, if we lift an edge between A and B to C, then
t(A), t(B), t(C) does not change, because the degree of C increases by 2, the degree
of A,B does not change. So we can assume that there are no edges between A and
B. Then, if we orient the edges between A and C such that the absolute value of the
difference between the indegree of A and the outdegree of A is t(A) (and the indegree
is congruent to p(A)), and do the same for t(B), we obtain a proper orientation.
But then, the difference of the indegree and outdegree of C is either t(A) + t(B) or
|t(A) − t(B)| ≤ t(A) + t(B), so we have an orientation of the edges incident with
C where the difference is at most t(A) + t(B), but then t(C), the smallest possible
amount, is at most t(A) + t(B).

Suppose V −z0 can be divided into nonempty A,B with at most one edge between
them. Since there is at most one edge between A,B, there are at least 3+t(A) edges
between z0 and A, at least 3 + t(B) edges between z0 and B, so

d(z0) ≥ 6 + t(A) + t(B) ≥ 6 + t(z0)

This violates the third condition.
Now, if G− z0 is a single vertex, then, as before, we are done. Otherwise, each

vertex has degree at least two in G− z0, and there are no multiple edges by Claim
1, so there are at least three vertices.

Claim 15. Suppose we have a set of vertices A not containing z0, 1 < |A| < |V |−1
(so A is not the complement of {z0}). Then d(A) ≥ 6 + t(A).
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Proof. As before, if there is an A that violates the claim, then contract A to a single
vertex, apply induction, then contract the complement of A to a single vertex, and
apply induction again. The proof is in fact a bit easier, because we do not have to
worry about problematic bridges.

Claim 16. For every vertex x not equal to z0, d(x) = t(x) + 4.

Proof. As before, if a vertex x has larger degree, then it has at least two extra edges.
Because G − z0 is 2-edge-connected but has no multiple edges, x has two distinct
neighbors, so we can lift a pair of edges off of x. If A is a singleton, then condition
(ii) will still be satisfied, otherwise, its degree either stayed the same, or decreased
by two. Thus t(A) did not change, and since it had at least two extra edges because
of Claim 15, the condition is still satisfied.

Claim 17. For any vertex x 6= z0, t(x) > 0.

Proof. If t(x) = 0, then d(x) = 4. It is easy to see that t(V − z0 − x) = t(z0), so,
by Claim 3, x can have at most one edge going to z0. So, we can lift the edges
from x such that we do not obtain a loop. Do so arbitrarily, we will show that this
graph satisfies the conditions of the lemma. Again, we only need to really check
the second condition, the other ones are obvious. Take a nonempty set A as in the
second condition. If A is a single vertex, then it has the same degree as before, so
it satisfies the condition. If A has more than one point, and is not the complement
of z0, then originally A and A∪ {x} had degree at least 6 + t(A). (There is a slight
abuse of notation here, but t(A) = t(A ∪ {x}) before the lifting, and is equal to the
new t(A) after the lifting.) It is easy to see that one of these sets has at most two
less edges, so the new degree of A is at least 4 + t(A).

Claim 18. Either each vertex besides z0 is strictly positive, or each is strictly neg-
ative. In the former case, each edge is directed towards z0, in the latter, away from
z0. This means that d(z0) ≤ 5.

Proof. Since there is no vertex with t = 0, the negation of the first statement is
the statement that there is at least one positive and at least one negative vertex
in V − z0. Then, the connectivity of G − z0 implies that there is an edge between
a positive vertex x and a negative vertex y. Then we direct this edge towards x,
delete it, and decrease p(x) by one. It is easy to see that t(x) and t(y) decrease
by one (because x is positive, y is negative), and so do d(x) and d(y). So, in the
new graph G′, the second condition is satisfied for singletons. If |A| > 1 (but it
is not the complement of z0), then if the edge between x and y did not leave A,
nothing changed. If it did, then t(A) either increased by one or decreased by one,
d(A) decreased by one, and since there were at least two extra edges, the condition
is still satisfied.

To show the second statement, assume without loss of generality that each vertex
besides z0 is strictly positive. If there is an edge going out of z0, then the other end
is a positive vertex. If we delete this edge and modify p accordingly, then, by
the same reasoning, the second condition is satisfied. The third condition is also
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satisfied, since d(z0) decreased by one, t(z0) decreased by at most one (it may have
increased).

From now on, we will assume, without loss of generality, that each vertex (besides
z0) is strictly positive (defining what d+(x) must be congruent to is equivalent to
defining what d−(x) must be congruent to). Thus, for any vertex x, either d(x) = 5
and p(x) = 0, or d(x) = 6 and p(x) = 1. Note that if there is a set A, |A| > 1, d(A) =
6, then p(A) = 0, if d(A) = 7, p(A) 6= 2.

Claim 19. There is no set A,|A| > 1, |V − A| > 1, z0 /∈ A such that p(A) = 0,
6 ≤ d(A) ≤ 8 (These are the cases where A is not positive, and d(A) = 6 + t(A))

Proof. In each case, contract A to a single vertex and obtain an orientation. Next,
contract the complement of A to the new z0. The third condition will not be satisfied,
but if this orientation has at least one edge going towards A, then we can delete that
edge without ruining the second condition, by the same argument as the previous
claim. Since A is not positive, this will increase t(A) by one, decrease d(A) by one,
thus the third condition will be satisfied. However, in each of these cases, we could
obtain, after contracting A, an orientation where each edge is going away from A.
We know that A has at least one neighbor that is not z0, and at least three edges
that go to vertices besides z0 (although G − z0 is simple, after the contraction, it
may not be). If A has a single neighbor besides z0, then there are three edges going
to that vertex, so we can flip these three edges, if the orientation we obtain has all
edges leaving A. Otherwise, after we contract A, we can lift a pair of edges off A,
and apply the lemma to that graph, this will guarantee that at least one of the edges
will go towards A.

Claim 20. Suppose we have a set A ⊂ V − z0,|A| > 1, |V − A| > 1 such that
p(A) = 1, 7 ≤ d(A) ≤ 9. We know that if we contract A to a single vertex, there
exists a proper orientation. For any such orientation, the edges that are directed
towards A all end at the same vertex in A.

Proof. For any proper orientation of the graph obtained by contracting A, the in-
degree is congruent to 1 modulo 3. Suppose we obtain an orientation where there
is an edge directed towards A ending at x and another ending at y, x 6= y. Now
contract V −A into a single vertex, with a slight abuse of notation, call this z0. This
does not satisfy the conditions of the lemma. However, if we delete the edge going
from z0 to x, and the edge going from z0 to y, decreasing p(x) and p(y) by 1 each,
the graph will satisfy the conditions. To check the second condition, suppose B is a
proper nonempty subset of V −z0 (which is actually A). If B is a single vertex, then
it is satisfied: if B does not contain x or y, then d(B), p(B) remained the same, if it
does, then it is still satisfied because x and y are positive, so t(x) and t(y) decreased
by one. If the size of B is at least 2, there are three cases: either none of the deleted
edges go into B, one of them does, or they both do. If none of them do, d(B) and
t(B) remain unchanged. If one does, then, as before, t(B) either increases by one or
decreases by one, d(B) decreases by one, and since the difference was at least two
more than required, the condition is still satisfied. Suppose both of them enter B.
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If B is positive, then after removing only one edge, t(B) decreases by one, so after
removing both edges, t(B) either stays the same or decreases by two, d(B) decreases
by two, and since d(B) − t(B) ≥ 6 before the removal, afterwards it is at least 4.
If B is not positive, then t(B) might increase by 2, d(B) decrease by two. So B
can be ruined if d(B) − t(B) = 6 and B is not positive. However, these are pre-
cisely the cases that cannot occur because of Claim 19. We need to check the third
condition also, it is easy to see that the three possibilities are d(z0) = 5, p(z0) = 0,
d(z0) = 6, p(z0) = 1, d(z0) = 7, p(z0) = 2, and these satisfy the condition.

Let d be the degree of z0, then d is a number from 0 to 5. Technically, 0 is
allowed, but then we choose another vertex and direct the edges leaving that vertex.
Recall that for any vertex v besides z0, either d(v) = 5 and p(v) = 0, or d(v) = 6 and
p(v) = 1. Let x be a neighbor of z0, and A = V −z0−x. If d ≤ 3, then we know that
d(A) ≥ 7 (using claims 15 and 19), but d(A) ≤ 7, since d(x) ≤ 6, d(z0) ≤ 3, and
there is at least one edge between them. This is only possible if d(z0) = 3, d(x) = 6,
and there is exactly one edge between them. But then p(z0) = 0 and p(x) = 1, so
p(A) = 1. This contradicts Claim 20: x has five more edges that are not yet oriented
(besides the one going to z0), if we orient four of these outwards, one going in, we
obtain a contradicting orientation (since G − z0 is simple, all edges out of x go to
different vertices). So, d(z0) ≥ 4.

Suppose d(z0) = 4. If there are multiple edges between z0 and x, then the degree
of A = V − z0 − x would be at most 6, which cannot happen after Claim 19. So z0
has a neighbor x with exactly one edge between x and z0. If d(x) = 5 and p(x) = 0,
then A has degree 7, and p(A) = 1. This is not forbidden, however, if we contract
A to a single vertex, and orient all the edges going from x outwards, we obtain an
orientation that contradicts Claim 20 (since there are no multiple edges leaving x).
If d(x) = 6, then the A has d(A) = 8, p(A) = 1. Again, we direct the edges going
out of x, one going in, this contradicts Claim 20.

So d(z0) = 5. If there are multiple edges between z0 and x, then if A is again their
complement, z0 has at most 3 edges going to A, x has at most 4. Since d(A) ≥ 7,
we must have equality, that is d(x) = 6 (and so p(x) = 1), and there are exactly two
edges between z0 and x, three edges between z0 and A, four between x and A. Then
d(A) = 7 and p(A) = 1, and orienting one edge from A to x, the rest towards A, we
obtain an orientation that contradicts Claim 20 (recall that the edges incident with
z0 are oriented towards z0). So there are no multiple edges between x and z0. If
d(x) = 5, then p(x) = 0, and d(A) = 8, p(A) = 1, so if we direct the edges incident
with x away from x, we contradict 20 again. If d(x) = 6, p(x) = 1, then A has
degree 9, p(A) = 1, and orienting four edges away from x, one towards x, we obtain
an orientation that contradicts Claim 20. So in any case, we reach a contradiction,
so there can be no minimal counterexample, so the lemma is true.

Again, if we take an edge, orient it somehow, add a vertex to the middle, call
it z0, and apply the lemma, we can prove Theorem 11, in particular, any 6-edge-
connected graph has a nowhere-zero 3-flow, and in fact admits all generalized Tutte-
orientations.
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If we could prove the theorem for 2+t(A), we would have a proof of the three-flow
conjecture. Unfortunately, this is not true. The main idea of the counterexample
is that if, for a point of degree three, we set p(x) = 1 or p(x) = 2, we are actually
setting what the indegree of x has to be in the orientation. This would not be a
problem if what we are setting is half the degree, however, in this case it is not. So,
if we have a cubic graph, and we force many of the vertices to have indegree less
than half its degree, it is not possible to orient the edges in such a way.

To illustrate this with a concrete example, first, suppose that we have a cubic
graph with 2l ≥ 6 vertices, such that for any set A which is not a singleton or the
complement of a singleton, d(A) ≥ 4. An easy example of such a graph is K3,3.
Then the condition that d(A) ≥ 2 + t(A) automatically holds for these sets. For
singletons (and complements of singletons) we have 3 ≥ 2 + t(A), that is t(A) ≤ 1,
which, using the fact that it has the same parity as d, means that t(A) = 1. This
basically means that p(x) 6= 0 for any vertex. Clearly, the total number of edges is
3l, which is zero modulo three. We can have zero, one, or two of the vertices with
p(x) = 2, the rest with p(x) = 1, such that the sum is divisible by three. Then we
actually have to have the indegree of zero, one, or two of the vertices be 2, the rest
1. However, if we add the indegrees of the vertices, for any orientation, we have
to obtain the number of edges, 3l. But this means that in an orientation where
no vertex has indegree 0 or 3, exactly l of the vertices have indegree 1, and l have
indegree 2, so an orientation with indegree congruent to p is not possible. Thus, if
we take K3,3, set p to be identically 1, we obtain a graph where for any nonempty
proper subset of the vertices A we have d(A) ≥ 2 + t(A), the sum of p over all
vertices is congruent to the number of vertices, but there is no proper orientation.

5 Application to planar graphs

In this section we will give a sketch of an application to planar graphs. These ideas
originally appeared in [6] Since we will be looking at proper colorings of the vertices,
we will assume all graphs are simple graphs. (If there is a loop, there is no proper
coloring, and multiple edges do not add any extra conditions on the colorings.)

The four color theorem is a well known theorem that states that any planar
graph can be vertex-colored with four colors. Of course, there is also a five color
theorem, which was proven earlier. The following proposition gives a motivation for
examining nowhere-zero flows.

Proposition 1. If G is a connected planar graph with a given embedding into the
plane, then G is k-colorable if and only if the dual of G has a nowhere-zero k-flow.

Proof. Assume G is connected, and take an orientation of G, this defines an orienta-
tion on the dual graph (if an edge goes from u to v, then, if we ”turn” the plane so
that v is above u, its dual will go from the region on the right to the region on the
left). If we take a nowhere zero Zk flow on the dual, then first we will show that for
any cycle in the original G, the sum of the values on the edges going in one direction
is equal to the sum of the values going in the other direction. This is because a
cycle actually defines a cut in the dual graph, and we know that for any cut, the
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sum on the edges in one direction is equal to the sum in the other direction. So, if
we take a vertex, and assign it color 0, then we can define a unique coloring c by the
elements of Zk such that, for any directed edge uv, c(v)− c(u) = f(uv). Because of
the property of cycles, this is well defined, and because no edge is assigned the value
0, this is a proper coloring. It is easy to see that this construction can be reversed,
ie. given a proper coloring of the vertices, we can obtain a nowhere-zero k-flow on
the dual.

Thus, the five-flow conjecture implies the five color theorem, and the four-flow
conjecture implies the four-color theorem, since a planar graph cannot have a Pe-
tersen minor. In order to check this, we have to verify that the dual does not contain
a bridge. However, it is easy to see that if the dual contained a bridge, that would
mean precisely that the original graph contains a loop, which is forbidden.

Conclusion

We defined nowhere-zero flows on graphs, with values obtained in finite abelian
groups. For any graph G and any finite abelian group H, the existence of a nowhere-
zero flow depends only on the order of H. Also, if the order of H is k, then there
is a nowhere-zero H-flow if and only if there is a nowhere-zero flow with values in
Z ∩ [−(k − 1), (k − 1)]. This means that for any graph, if it has a nowhere-zero
k-flow for some k, there is a k0/ge2 such that the graph has a nowhere-zero flow if
and only if k ≥ k0.

If the graph has a bridge, then it cannot have a nowhere-zero flow for any group.
Otherwise, we showed that the graph has a nowhere-zero 6-flow. The five-flow
conjecture says that this number can be replaced with 5, it is still open. However, for
4, the Petersen graph is a counterexample. We proved that any four-edge-connected
graph has a nowhere-zero 4-flow. However, more is conjectured. It is conjectured
that any 2-edge-connected graph without a Petersen minor has a nowhere-zero 4-
flow, and also that any 4-edge connected graph actually has a 3-flow. Until recently,
it was unknown whether there is any k such that any k-edge-connected graph has a
nowhere-zero 3-flow, recently, it was proven that any 8-edge-connected graph has a
nowhere-zero 3-flow, and here we can reduce the 8 to 6.
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